
Formula 1: Sum of sets 

    When A = ൛𝑎ଵ,𝑎ଶ ⋯ 𝑎 , 𝑐ଵ, 𝑐ଶ, ⋯ 𝑐ൟ and B = {𝑏ଵ, 𝑏ଶ, ⋯ 𝑏, 𝑐ଵ, 𝑐ଶ, ⋯ 𝑐,   }, 

𝐷 = 𝐴 ∪ 𝐵 = ൛𝑎ଵ,𝑎ଶ ⋯ 𝑎 , 𝑏ଵ, 𝑏ଶ, ⋯ 𝑏, 𝑐ଵ, 𝑐ଶ, ⋯ 𝑐ൟ          

Formula 2: Product set 

When A = ൛𝑎ଵ,𝑎ଶ ⋯ 𝑎 , 𝑐ଵ, 𝑐ଶ, ⋯ 𝑐ൟ and B = {𝑏ଵ, 𝑏ଶ, ⋯ 𝑏, 𝑐ଵ, 𝑐ଶ, ⋯ 𝑐,   } 

C = A ∩ B = { 𝑐ଵ, 𝑐ଶ, ⋯ 𝑐}          

Formula 3: Probability of sum of sets 

                              P(𝐴 ∪ 𝐵) = P(𝐴) + P(𝐵) 

Formula 4: Probability of product set 

P(𝐴 ∩ 𝐵) = P(𝐴)P(𝐵) 

Formula 5: Probability of sequential phenomena 

        In the case A gives no effect to P(𝐵) 

P(𝐵|𝐴) = P(𝐴)P(|𝐴) = P(𝐴)P(𝐵) 

Formula 6: Binominal coefficient 

𝐶 =
𝑛 ∙ (𝑛 − 1) ∙ ⋯ ൫𝑛 − (𝑛 − 𝑘)൯

𝑘 ∙ (𝑘 − 1) ∙ ⋯ ∙ 1
=

𝑛!

𝑘! (𝑛 − 𝑘)!
 

ቀ
𝑛
𝑘

ቁ =
𝑛!

𝑘! (𝑛 − 𝑘)!
 

 

Formula 7: Binomial probability 

𝑝(𝑘) = 𝐶𝑝(1 − 𝑝)ି 

𝑝(𝑘) = ቀ
𝑛
𝑘

ቁ pି(1 − 𝑝) 

Formula 8: Expansion of binomial 

(𝑝 + 𝑞) =  ቀ
𝑛
𝑘

ቁ pି𝑞



ୀ

 

Formula 9: Expectation value 
 

𝐸൫𝑓(𝑥)൯ = ∑ 𝑓(𝑥)
ୀଵ 𝑝

                                                                               Where 

 𝑓(𝑥): obtainable value by event i 

𝑝(𝑖): possibility of event i 

𝐸൫𝑓(𝑥)൯: expectation value 

Formula 10: average 

 

�̅� =
∑ 𝑥


ୀଵ

𝑛
=  𝑥𝑝



ୀଵ

 



�̅�: average of 𝑥 

𝑝: probability of 𝑖 

Formula 11: Sum of square of the distance of data from average (SS).   

SS = (𝑥 − �̅�)ଶ



ୀଵ

 

�̅�: average of data 

𝑛: number of data 

Formula 12: Logarithm of binomial coefficient 

logW(𝑥) = log(𝑛!) − log(𝑥!) − log(𝑛 − 𝑥)! + 𝑘 log(𝑝) + (𝑛 − 𝑥) log(𝑞) 

Formula 13: Simplified calculation of variance  

𝑉௫ =  E(𝑥ଶ) − E(𝑥)ଶ 

𝑉௫: variance of 𝑥 

Formula 14: Quadratic moment of sample average around average of parent population 

E((𝑀 − 𝜇)ଶ) =
𝜎ଶ

𝑛
 

 

Formula 15: Standard error 

S.E=ඥ𝐸(𝑀ଶ) =
ఙ

√
 

Formula 16: Poisson distribution       

P(X = k) =
𝜆𝑒ିఒ

𝑘!
 

Formula 17: Normal distribution 

P(𝑥) =
1

√2𝜋𝜎
𝑒

ିଵ
ଶ

ቀ
௫ିఓ

ఙ
ቁ

మ

 

Formula 18: Γ function 

Γ(𝑧) = න 𝑡௭ିଵ𝑒ି௧𝑑𝑡
ஶ



 

z: complex number, z ≥ 0 on complex plane 

Formula 19: Nature of Γ function 

Γ(𝑛 + 1) = 𝑛! 

Γ(1) = 1 

Γ ൬
1

2
൰ = 𝜋 

Γ ൬
1

2
+ 𝑛൰ =

(2𝑛 − 1)‼

2 √𝜋 



Formula 20: 𝜒ଶ distribution 

P(𝜒ଶ
ம) =

𝜒ଶ
ம

ம
ଶ

ିଵ

2
ம
ଶ Γ ቀ

ϕ
2ቁ

𝑒
ିఞమ

ದ

ଶ  

ϕ: degree of freedom 

Formula 21: 𝜒ଶ value 

𝜒ଶ = 
(𝑓 − 𝑒)ଶ

𝑒
 

𝑓: observed value, e:expectation value 

Formula 22: β function 

𝛽(𝑝, 𝑞)) =
Γ(𝑝)Γ(𝑞)

Γ(𝑝 + 𝑞)
 

Formula 23: Student’s t distribution 

𝑆(𝑡) =
1

√𝑛𝛽 ቀ
𝑛
2

,
1
2ቁ (

𝑡ଶ

𝑛ଶ + 1)

ଶ

ାଵ
 

Formula 24: Student’s t value 

t =
�̅� − 𝜇

𝑠

√𝑛

 

Formula 25: F distribution 

𝑃(𝐹) =
𝑛ଵ

భ
ଶ 𝑛ଶ

మ
ଶ

𝛽(𝑛ଵ, 𝑛ଶ)
∙

𝐹
భ
ଶ

ିଵ

(𝑛ଵ𝐹 + 𝑛ଶ)
భାమ

ଶ

 

Formula 26: Definition of derivation 

𝑓′(𝑥) = lim
ｈ→０

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ｈ
 

𝑓ᇱ(𝑥)：derivate of 𝑓(𝑥) 

Formula 27: Law of mean 

𝑓(ｂ) − 𝑓(𝑎)

𝑏 − 𝑎
= 𝑓′(𝑐),（𝑎 ≤ 𝑐 ≤ 𝑏)  

Formula 28: Expansion of law of mean 

𝑓(𝑥) = 𝑓(𝑎) + (𝑥 − 𝑎)𝑓′(𝑐ଵ) 

Formula 29: Secondary expansion of law of mean 

𝑓(𝑥) = 𝑓(𝑎) + (𝑥 − 𝑎)𝑓′(𝑎) +
(𝑥 − 𝑎)ଶ

2
𝑓′′(𝑎) 

Formula 30: Taylor expansion (1) 



𝑓(𝑥) = 𝑓(𝑎) + 
(𝑥 − 𝑎)

𝑘!
𝑓()(𝑎



ୀଵ

) 

Formula31: Taylor expansion (2) 

𝑓(𝑥) ≒ 𝑓(𝑎) +
(௫ି)

ଵ
𝑓′(𝑎) +

(௫ି)మ

ଶ∗ଵ
𝑓′′(𝑎) +

(௫ି)య

ଷ∗ଶ∗ଵ
𝑓′′′(𝑎)   +          +

(௫ି)

!
𝑓()(𝑎)    

Formula 32: differentiation of multiplicated function 

{𝑔(𝑥)𝑓(𝑥)}′ = 𝑔(𝑥)𝑓′(𝑥) + 𝑔′(𝑥)𝑓(𝑥) 

Formula 33: Partial integration 

න 𝑔′(𝑥)𝑓(𝑥)𝑑𝑥 = 𝑔(𝑥)𝑓(𝑥) − න 𝑔(𝑥)𝑓′(𝑥)𝑑𝑥 

Formula 34: Napier’s constant (1)   

𝑒 = lim
୬→ஶ

൬1 +
1

n
൰

୬

 

Formula 35: Differentiation of logarithm  

𝑑 log 𝑥

𝑑𝑥
=

1

𝑥
 

Formula 36: Differentiation of exponential  

ௗ(௫)

ௗ௫
= 𝑓(𝑥)         

Formula 37: Napier’s constant (2) 

1 + lim
→ஶ


1

𝑘!



ୀଵ

= 𝑒 

Formula 38: Structure of data 

𝑥 = 𝑀 + 𝑒 

𝑀: 𝑚𝑒𝑎𝑛 

𝑒: 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝑓𝑟𝑜𝑚 𝑚𝑒𝑎𝑛 

Formula 39: total SS 

 𝑆𝑆௧௧ = 𝑛𝑆𝑆 + 𝑚𝑆𝑆 

Formula 40: Variance sum of two different sample populations (combined variance) 

𝜎ା
ଶ =

(𝑚 − 1)𝜎
ଶ + (𝑛 − 1)𝜎

ଶ

𝑚 + 𝑛 − 2
 

Formula 41: Variance of difference (combined variance) 

𝜎ି
ଶ =

(𝑚 − 1)𝜎
ଶ + (𝑛 − 1)𝜎

ଶ

𝑚 + 𝑛 − 2
 

Formula 42: Paired t value  



t =
𝑀

𝜎

√𝑛

 

Formula 43: Unpaired t value 

 

t =
𝑀 − 𝑀

𝜎ିට
1

𝑛
+

1
𝑛

 

Formula 44: Contribution ration 

𝑟ଶ =
𝑆𝑆௫௬

ଶ

𝑆𝑆௫𝑆𝑆௬
 

𝑟ଶ: contribution ratio 

 

Formula 45: Coefficient of correlation
 

𝑟 =
𝑆𝑆௫௬

ඥ𝑆𝑆௫ඥ𝑆𝑆௬

 

Formula 46: Cauchy-Schwarz inequation

 ඥ𝛼ଶ + 𝛽ଶ + 𝛾ଶඥ𝛿ଶ + 𝜀ଶ + 𝜁ଶ ≥ 𝛼𝛿 + 𝛽𝜀 + 𝛾 𝜁 

 

Formula 47: Observed 𝜒ଶ value  

𝜒ଶ = 
(𝑓 − 𝑒)ଶ

𝑒
 

𝑓: observed data in sub sample population 𝑖 

𝑒: expectation value of 𝑓 

Formula 48: Sum of matrixes 

⎝

⎜
⎜
⎜
⎜
⎛

𝑎ଵଵ 𝑎ଵଶ

𝑎ଶଵ 𝑎ଶଶ

⋯ 𝑎ଵ

 𝑎ଶ

⋯ 𝑎ଵ

 𝑎ଶ

⋮  

𝑎ଵ  

 ⋮

 𝑎

 ⋮
⋯ 𝑎

⋮  
𝑎ଵ 𝑎ଶ

 ⋮
⋯ 𝑎

 ⋮
⋯ 𝑎⎠

⎟
⎟
⎟
⎟
⎞

+

⎝

⎜
⎜
⎜
⎜
⎛

𝑏ଵଵ 𝑏ଵଶ

𝑏ଶଵ 𝑏ଶଶ

⋯ 𝑏ଵ

 𝑏ଶ

⋯ 𝑏ଵ

 𝑏ଶ

⋮  

𝑏ଵ  

 ⋮

 𝑏

 ⋮

⋯ 𝑏

⋮  
𝑏ଵ 𝑏ଶ

 ⋮

⋯ 𝑏

 ⋮

⋯ 𝑏⎠

⎟
⎟
⎟
⎟
⎞

 

= ൭

𝑎11 + 𝑏11 ⋯ 𝑎1𝑛 + 𝑏1𝑛

⋮ 𝑎𝑖𝑗+𝑏𝑖𝑗 ⋮
𝑎𝑛1+𝑏𝑛1 … +𝑎𝑛𝑛 + 𝑏𝑛𝑛

൱ 

 Formula 49: multiplication of scalar to matrix 

α ቆ

𝑎11 ⋯ 𝑎𝑛

⋮ 𝑎𝑖𝑗 ⋮
𝑎𝑛1 … +𝑎𝑛𝑛

ቇ = ቆ

𝛼𝑎11 ⋯ 𝛼𝑎𝑛

⋮ 𝛼𝑎𝑖𝑗 ⋮
𝛼𝑎𝑛1 … 𝛼𝑎𝑛𝑛

ቇ 

Formula 50: Product of matrixes  



⎝

⎜
⎜
⎜
⎜
⎛

𝑎ଵଵ 𝑎ଵଶ

𝑎ଶଵ 𝑎ଶଶ

⋯ 𝑎ଵ

 𝑎ଶ

⋯ 𝑎ଵ

 𝑎ଶ

⋮  

𝑎ଵ  

  

 𝑎

 ⋮

 𝑎

⋮  
𝑎ଵ 𝑎ଶ

  
⋯ 𝑎

 ⋮
⋯ 𝑎⎠

⎟
⎟
⎟
⎟
⎞

⎝

⎜
⎜
⎜
⎜
⎛

𝑏ଵଵ 𝑏ଵଶ

𝑏ଶଵ 𝑏ଶଶ

⋯ 𝑏ଵ

 𝑏ଶ

⋯ 𝑏ଵ

 𝑏ଶ

⋮  

𝑏ଵ  

 ⋮

 𝑏

 ⋮

⋯ 𝑏

⋮  
𝑏ଵ 𝑏ଶ

 ⋮

⋯ 𝑏

 ⋮

⋯ 𝑏⎠

⎟
⎟
⎟
⎟
⎞

 

= ൭

𝑎11𝑏11 + ⋯ 𝑎1𝑘𝑏𝑘1 ⋯ +𝑎1𝑛𝑏𝑛1 ⋯ 𝑎11𝑏1𝑛 + ⋯ 𝑎1𝑘𝑏𝑘𝑛 … 𝑎1𝑛𝑏𝑛𝑛

⋮ 𝑎𝑖1𝑏1𝑗 + ⋯ 𝑎𝑖𝑘𝑏𝑘𝑗 ⋯ +𝑎𝑖𝑛𝑏𝑛𝑗 ⋮
𝑎𝑛1𝑏11 + ⋯ 𝑎𝑛𝑘𝑏𝑘1 ⋯ +𝑎𝑛𝑛𝑏𝑛1 … 𝑎𝑛1𝑏1𝑛 + ⋯ 𝑎𝑛𝑘𝑏𝑘𝑛 ⋯ +𝑎𝑛𝑛𝑏𝑛𝑛

൱ 

Formula 51: Order of matrix calculation 

𝑨𝑩 ≠ 𝑩𝑨 

(𝐀𝐁)𝑪 = 𝑨(𝑩𝑪) 

Formula 52: Cofactor matrix (3 × 3) 

When 

𝑨 = ൭
𝑎 𝑏 𝑐
𝑘 𝑙 𝑚
𝑠 𝑡 𝑢

൱ 

𝑨෩ =

⎝

⎜⎜
⎛

ቚ
𝑙 𝑚
𝑡 𝑢

ቚ − ቚ
𝑏 𝑐
𝑡 𝑢

ቚ ቚ
𝑏 𝑐
𝑙 𝑚

ቚ

− ቚ
𝑘 𝑚
𝑠 𝑢

ቚ ቚ
𝑎 𝑐
𝑠 𝑢

ቚ − ቚ
𝑎 𝑐
𝑘 𝑚

ቚ

ቚ
𝑘 𝑙
𝑠 𝑡

ቚ − ቚ
𝑎 𝑏
𝑠 𝑡

ቚ ቚ
𝑎 𝑏
𝑘 𝑙

ቚ ⎠

⎟⎟
⎞

 

Formula 53: Inverse matrix 

𝑨ି𝟏 =
𝑨෩

|𝑨|
 

Formula 54: inverse matrix (3 × 3) 

When  

𝑨 = ൭
𝑎 𝑏 𝑐
𝑘 𝑙 𝑚
𝑠 𝑡 𝑢

൱ 

, 

𝑨ିଵ =
1

อ
𝑎 𝑏 𝑐
𝑘 𝑙 𝑚
𝑠 𝑡 𝑢

อ
⎝

⎜⎜
⎛

ቚ
𝑙 𝑚
𝑡 𝑢

ቚ − ቚ
𝑏 𝑐
𝑡 𝑢

ቚ ቚ
𝑏 𝑐
𝑙 𝑚

ቚ

− ቚ
𝑘 𝑚
𝑠 𝑢

ቚ ቚ
𝑎 𝑐
𝑠 𝑢

ቚ − ቚ
𝑎 𝑐
𝑘 𝑚

ቚ

ቚ
𝑘 𝑙
𝑠 𝑡

ቚ − ቚ
𝑎 𝑏
𝑠 𝑡

ቚ ቚ
𝑎 𝑏
𝑘 𝑙

ቚ ⎠

⎟⎟
⎞

 

Formula 55: Cofactor expansion 

 𝑎𝑎



ୀଵ

= 𝑎ଵ𝑎ଵ + 𝑎 ଶ𝑎ଶ + ⋯ + 𝑎𝑎 = ተ

𝑎ଵଵ 𝑎ଵଶ

𝑎ଶଵ 𝑎ଶଶ

⋯ 𝑎ଵ

⋯ 𝑎ଶ

⋮ ⋮
𝑎ଵ 𝑎ଶ

⋱ ⋮
⋯ 𝑎

ተ 

𝑗 = 1, 2, ⋯ , 𝑛 



Formula 56: Cramer’s rule 

When 

𝐴 = ൮

𝑎ଵଵ 𝑎ଵଶ

𝑎ଶଵ 𝑎ଶଶ

⋯ 𝑎ଵ

⋯ 𝑎ଶ

⋮ ⋮
𝑎ଵ 𝑎ଶ

⋱ ⋮
⋯ 𝑎

൲  𝑿 = ൮

𝑥ଵ

𝑥ଶ

⋮
𝑥

൲.    𝒃 = ൮

𝑏ଵ

𝑏ଶ

⋮
𝑏

൲ 

and  

𝑨𝑿 = 𝒃 

, 

𝑥 =
|𝑨𝒊|

|𝑨|
 

Here, definition of 𝑨𝒊 is as follow. 

𝑨𝒊 = ൮

𝑎ଵ,ଵ ⋯ 𝑎ଵ,ିଵ 𝑏ଵ
𝑎ଵ,ାଵ ⋯ 𝑎ଵ,

𝑎ଶ,ଵ ⋯ 𝑎ଶ,ିଵ 𝑏ଶ
𝑎ଶ,ାଵ ⋯ 𝑎ଶ,

⋮             ⋮        ⋮       ⋮             ⋮
𝑎,ଵ ⋯ 𝑎,ିଵ 𝑏

𝑎,ାଵ ⋯ 𝑎,

൲ 

Formula 57: Eigen Formula  

ተ
ተ

𝑎ଵଵ − 𝜆 𝑎ଵଶ

𝑎ଶଵ 𝑎ଶଶ − 𝜆

⋯ 𝑎ଵ

⋯ 𝑎ଶ

 ⋮    ⋮

 𝑎ଵ    𝑎ଶ

  
⋱ ⋮  
⋯ 𝑎 − 𝜆

ተ
ተ

= 0 

Formula 58: Products of partial matrixes 

𝑨 = ൬
𝑨𝟏𝟏 𝑨𝟏𝟐

𝑨𝟐𝟏 𝑨𝟐𝟐
൰ 

𝑨 =

⎝

⎜
⎜
⎛

𝑎ଵଵ   ⋯    𝑎ଵ

⋮       ⋮
𝑎ଵ    ⋯    𝑎

𝑎ଵାଵ         ⋯  𝑎ଵ

⋮  ⋮
𝑎ାଵ        ⋯    𝑎

𝑎ାଵଵ    ⋯ 𝑎ାଵଵ

⋮  ⋮
𝑎ଵ   ⋯ 𝑎

      𝑎ାଵ ାଵ    ⋯ 𝑎ାଵ ାଵ

      ⋮  ⋮
     𝑎ାଵ   ⋯ 𝑎 ⎠

⎟
⎟
⎞

 

𝑩 = ൬
𝑩𝟏𝟏 𝑩𝟏𝟐

𝑩𝟐𝟏 𝑩𝟐𝟐
൰ 

𝑩 =

⎝

⎜
⎜
⎜
⎛

𝑏ଵଵ   ⋯  𝑏ଵ  

⋮       ⋮
  𝑏ଵ     ⋯ 𝑏

𝑏ଵାଵ         ⋯ 𝑏ଵ 

⋮  ⋮
𝑏ାଵ        ⋯ 𝑏

𝑏ାଵ ଵ ⋯ 𝑏ାଵ 

⋮  ⋮
𝑏ଵ   ⋯ 𝑏 

𝑏ାଵାଵ   ⋯ 𝑏ାଵ

      ⋮  ⋮
 𝑏 ାଵ     ⋯ 𝑏  ⎠

⎟
⎟
⎟
⎞

 

𝑨𝑩 = ൬
𝑨𝟏𝟏 𝑨𝟏𝟐

𝑨𝟐𝟏 𝑨𝟐𝟐
൰ ൬

𝑩𝟏𝟏 𝑩𝟏𝟐

𝑩𝟐𝟏 𝑩𝟐𝟐
൰ = ൬

𝑨𝟏𝟏𝑩𝟏𝟏 + 𝑨𝟏𝟐𝑩𝟐𝟏 𝑨𝟏𝟏𝑩𝟏𝟐 + 𝑨𝟏𝟐𝑩𝟐𝟐

𝑨𝟐𝟏𝑩𝟏𝟏 + 𝑨𝟐𝟐𝑩𝟐𝟏 𝑨𝟐𝟏𝑩𝟏𝟐 + 𝑨𝟐𝟐𝑩𝟐𝟐
൰ 

𝑩𝟏𝟏 

𝑨𝟏𝟏 𝑨𝟏𝟐 

𝑨𝟐𝟏 𝑨𝟐𝟐 

𝑩𝟏𝟐 

𝑩𝟐𝟏 𝑩𝟐𝟐 



𝑨𝟏𝟏𝑩𝟏𝟏 + 𝑨𝟏𝟐𝑩𝟐𝟏: 𝑝 × 𝑝 square matrix 

𝑨𝟐𝟏𝑩𝟏𝟐 + 𝑨𝟐𝟐𝑩𝟐𝟐: (𝑛 − 𝑝) × (𝑛 − 𝑝) square matrix 

Formula 59: Similarity of matrixes 

𝑪 = 𝑷ି𝟏𝑫𝑷 

Formula 60: Diagonalization 

𝑸ି𝟏𝑪𝑸 = 𝐃 = ൮

𝜆ଵ 0
0 𝜆ଶ

⋯ 0
⋯ 0

0 0
0 0

⋱ 0
0 𝜆

൲ 

Formula 61: Spectral decomposition 

𝑨 = 𝜆ଵ𝒆𝟏𝒆𝟏
் + 𝜆ଶ𝒆𝟐𝒆𝟐

் + ⋯ + 𝜆𝒆𝒑𝒆𝒑
் 

or 

𝑨 =  𝜆𝒆𝒊𝒆𝒊
்



ୀଵ

 

𝒆𝒊: unit vector of eigenvector,  

𝒆𝒊 ⊥ 𝒆𝒋 

Formula 62: Power method of matrix 

𝑨𝒎 = 𝑷𝜦𝒎𝑷ି𝟏 

Formula 63: Maximum and minimum in quadratic form 

When symmetric matrix 𝑨 is positive definite 

𝐦𝐚𝐱
𝒙ஷ𝟎

𝒙்𝑨𝒙

𝒙்𝒙
= 𝜆ଵ 

Similarly,  

𝐦𝐢𝐧
𝒙ஷ𝟎

𝒙்𝑨𝒙

𝒙்𝒙
= 𝜆 

𝚲 = ൮

𝜆ଵ 0
0 𝜆ଶ

⋯ 0
⋯ 0

⋮ ⋮
0 0

⋱ ⋮
⋯ 𝜆

൲ 

𝜆ଵ ≥ 𝜆ଶ ≥ ⋯ ≥ 𝜆 > 0 

 

Formula 64: Cauchy Schwarz’s inequation 

൫𝑎ଵ𝑏ଵ + 𝑎ଶ𝑏ଶ + ⋯ + 𝑎𝑏൯
ଶ

≤ ൫𝑎ଵ
ଶ + 𝑎ଶ

ଶ + ⋯ + 𝑎
ଶ൯൫𝑏ଵ

ଶ + 𝑏ଶ
ଶ + ⋯ + 𝑏

ଶ൯ 

 

Formula 65: Expansion of Cauchy Schwarz’s inequation 

(𝜶்𝑩𝜶)(𝜷்𝑩ି𝟏𝜷) ≥ (𝜶𝑻𝜷)ଶ 

When  

𝑩
భ

మ𝜶 = 𝑐𝑩ି
భ

మ𝜷𝑬 , 



(𝜶்𝑩𝜶)(𝜷்𝑩ି𝟏𝜷) ≥ (𝜶𝑻𝜷)ଶ 

Formula 66 Method of Lagrange multiplier  

𝜕𝐿(𝒙, 𝜆)

𝜕(𝒙, 𝜆)
=

⎝

⎜
⎜
⎜
⎜
⎛

𝜕𝐿(𝒙, 𝜆)

𝜕𝑥ଵ

⋮
𝜕𝐿(𝒙, 𝜆)

𝜕𝑥

𝜕𝐿(𝒙, 𝜆)

𝜕𝜆 ⎠

⎟
⎟
⎟
⎟
⎞

 

𝐿(𝒙, 𝜆) = 𝑓(𝒙) − 𝜆𝑔(𝒙) 

𝒙 = ൭

𝒙𝟏

⋮
𝒙𝒑

൱ 

Formula 67: Variance and covariance matrix 

𝜮 =
1

𝑛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎛

 𝑐ଵ𝑐ଵ



ୀଵ

 𝑐ଵ𝑐ଶ



ୀଵ

 𝑐ଶ𝑐ଵ



ୀଵ

 𝑐ଶ𝑐ଶ



ୀଵ

⋯  𝑐ଵ𝑐



ୀଵ

⋯  𝑐ଶ𝑐



ୀଵ

⋮                    ⋮    

 𝑐𝑐ଵ



ୀଵ

 𝑐𝑐ଶ



ୀଵ

⋱             ⋮        

⋯  𝑐𝑐



ୀଵ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎞

= ൮

𝜎ଵଵ 𝜎ଵଶ

𝜎ଶଵ 𝜎ଶଶ

⋯ 𝜎ଵ

⋯ 𝜎ଶ

⋮   ⋮ 
𝜎ଵ 𝜎ଶ

⋱             ⋮        
⋯ 𝜎ଶ

൲ 

Formula 68: Correlation matrix 

𝝆 =

⎝

⎜
⎜
⎜
⎜
⎛

𝜎ଵଵ

√𝜎ଵଵ√𝜎ଵଵ

𝜎ଵଶ

√𝜎ଵଵ√𝜎ଶଶ
𝜎ଶଵ

√𝜎ଶଶ√𝜎ଵଵ

𝜎ଶଶ

√𝜎ଶଶ√𝜎ଶଶ

⋯
𝜎ଵ

√𝜎ଵଵඥ𝜎

⋯
𝜎ଶ

√𝜎ଶଶඥ𝜎

⋮                  ⋮ 
𝜎ଵ

ඥ𝜎√𝜎ଵଵ

𝜎ଶ

ඥ𝜎√𝜎ଶଶ

⋱             ⋮        

⋯
𝜎

ඥ𝜎ඥ𝜎⎠

⎟
⎟
⎟
⎟
⎞

 

= ൮

1 𝜌ଵଶ

𝜌ଶଵ 1

⋯ 𝜌ଵ

⋯ 𝜌ଶ

⋮    ⋮ 
𝜌ଵ 𝜌ଶ

⋱   ⋮  
⋯ 1

൲ 

Formula 69: Relation among variance covariance matrix (𝜮), correlation matrix (𝝆)  

and variance matrix (𝑽). 

𝑽
𝟏
𝟐𝝆𝑽

𝟏
𝟐 = 𝜮 

𝑽ି
𝟏
𝟐𝜮𝑽ି

𝟏
𝟐 = 𝝆 

Formula 70: Mahalanobis’ Distance 



𝐷𝒂ି𝒃 = ඥ(𝒂 − 𝒃)்𝜮ିଵ(𝒂 − 𝒃) 

（𝜮: 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑐𝑜𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑚𝑎𝑡𝑟𝑖𝑥） 

 

Formula 71: Pseudo-inverse matrix 

𝑿# = (𝑿்𝑿)ି𝟏𝑿் 

 

Formula 72: Singular value decomposition 

𝑴 = 𝑼𝜮𝑽்  

when 𝑝 < 𝑛 

𝜮 = ൮

𝛾ଵ 0 ⋯ 0 0 ⋯ 0

0 𝛾ଶ ⋯ 0 0 ⋯ 0

⋮

0

⋮

0

⋱

⋯

0

𝛾

0

0

⋯

⋯

0

0

൲

𝑝×𝑛

 

when 𝑝 > 𝑛 

𝜮 =

⎝

⎜
⎜
⎜
⎛

𝛾ଵ 0
0 𝛾ଶ

⋯ 0
⋯ 0

⋮ ⋮
0
0
⋮
0

0
0
⋮
0

⋱ ⋮
⋯
⋯
⋱
⋯

𝛾

0
⋮
0 ⎠

⎟
⎟
⎟
⎞

𝑝×

𝑛

 

Formula 73: multiple linear regression 

𝒀 = ൭

𝑦ଵ

⋮
𝑦

൱ , 𝑿ା𝟏 = ൭
1 𝑥ଵଵ

⋯ 𝑥ଵ

⋮ ⋮ ⋱      ⋮
1 𝑥ଵ

⋯ 𝑥

൱ , 𝑨ା𝟏 = ൮

a

aଵ

⋮
a

൲ , 𝑬 = ൭

𝑒ଵ

⋮
𝑒

൱ 

𝒀 = 𝑿ା𝟏𝑨ା𝟏 + 𝑬 

𝑨ା𝟏 = 𝑿ା𝟏
#𝒀 

Formula 74: Partial correlation  

𝑹ି𝟏 =
1

|𝑹|

⎝

⎜
⎜
⎜
⎜
⎛

𝑆𝑆௬௬𝑆𝑆௭௭ − 𝑆𝑆௬௭
ଶ

𝑆𝑆௬௬𝑆𝑆௭௭

𝑆𝑆௬௭𝑆𝑆௭௫ − 𝑆𝑆௫௬𝑆𝑆௭௭

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௫௫𝑆𝑆௭௭

𝑆𝑆௫௬𝑆𝑆௬௭ − 𝑆𝑆௫௭𝑆𝑆௬௬

ඥ𝑆𝑆௫௫ඥ𝑆𝑆௭௭𝑆𝑆௬௬

𝑆𝑆௬௭𝑆𝑆௭௫ − 𝑆𝑆௫௬𝑆𝑆௭௭

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௫௫𝑆𝑆௭௭

𝑆𝑆௭௭𝑆𝑆௫௫−𝑆𝑆௭௫
ଶ

𝑆𝑆௭௭𝑆𝑆௫௫

𝑆𝑆௫௬𝑆𝑆௭௫ − 𝑆𝑆௬௭𝑆𝑆௫௫

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௭௭𝑆𝑆௫௫

𝑆𝑆௫௬𝑆𝑆௬௭ − 𝑆𝑆௫௭𝑆𝑆௬௬

ඥ𝑆𝑆௫௫ඥ𝑆𝑆௭௭𝑆𝑆௬௬

𝑆𝑆௫௬𝑆𝑆௭௫ − 𝑆𝑆௬௭𝑆𝑆௫௫

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௭௭𝑆𝑆௫௫

𝑆𝑆௫௫𝑆𝑆௬௬ − 𝑆𝑆௫௬
ଶ

𝑆𝑆௫௫𝑆𝑆௬௬ ⎠

⎟
⎟
⎟
⎟
⎞

 

= ൭
𝑟௫௫ 𝑟௫௬ 𝑟௫௭

𝑟௬௫ 𝑟௬௬ 𝑟௬௭

𝑟௭௫ 𝑟௬௭ 𝑟௭௭
൱ 

r௫௬/௭ =
−𝑟௫௬

√𝑟௫௫√𝑟௬௬
 



r/௦௧ ==
−𝑟

√𝑟√𝑟
 

Formula 75: Linear discrimination analysis  

𝑴 =

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎛

 𝑛



ୀଵ

𝜇ଵ
ଶ  𝑛𝜇ଵ𝜇ଶ



ୀଵ

 𝑛



ୀଵ

𝜇ଶ𝜇ଵ  𝑛𝜇ଶ
ଶ



ୀଵ

⋯  𝑛𝜇ଵ𝜇ଶ



ୀଵ

⋯  𝑛𝜇ଶ𝜇



ୀଵ

⋮ ⋮

 𝑛



ୀଵ

𝜇𝜇ଵ  𝑛𝜇𝜇ଶ



ୀଵ

⋱ ⋮

⋯    𝑛  𝜇
ଶ



ୀଵ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎞

 

 

𝑽 =

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎛

  𝑚
ଶ

ೖ

ୀଵ

𝒎

𝒌ୀ𝟏

  𝑚ଵ𝑚ଶ

ೖ

ୀଵ

𝒎

𝒌ୀ𝟏

⋯   𝑚 𝑚

ೖ

ୀଵ

𝒎

𝒌ୀ𝟏

  𝑚ଶ𝑚ଵ

ೖ

ୀଵ

𝒎

𝒌ୀ𝟏

  𝑚ଶ
ଶ

ೖ

ୀଵ

𝒎

𝒌ୀ𝟏

⋯   𝑚ଶ𝑚

ೖ

ୀଵ

𝒎

𝒌ୀ𝟏

⋮

  𝑚𝑚

ೖ

ୀଵ

𝒎

𝒌ୀ𝟏

⋮

  𝑚𝑚ଶ

ೖ

ୀଵ

𝒎

𝒌ୀ𝟏

⋱     ⋮

⋯       𝑚
ଶ

ೖ

ୀଵ

𝒎

𝒌ୀ𝟏 ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎞

 

𝑓(𝑨) = ቆ
𝑆𝑆௦௨௨௧

∑ 𝑆𝑆

ୀଵ

ቇ =
𝑨்𝑴𝑨

𝑨்𝑽𝑨
 

𝑑𝑓(𝑨)

𝑑𝑨
= 0 

Formula 76: Centralizing matrix 

𝑮 =

⎝

⎜
⎜
⎜
⎛

1 −
1

𝑛
−

1

𝑛
⋯ −

1

𝑛

−
1

𝑛
1 −

1

𝑛
⋯ −

1

𝑛
⋮  ⋮  ⋱  ⋮

−
1

𝑛
−

1

𝑛
⋯ 1 −

1

𝑛⎠

⎟
⎟
⎟
⎞

 

Formula 77: Multidimensional scaling method 

−
1

2
𝑮𝒏𝑫𝟐𝑮𝒏 = 𝑷𝚲

𝟏
𝟐 ൬𝑷𝚲

𝟏
𝟐൰

T

 

𝒀 = 𝑷𝚲
𝟏
𝟐 

Formula 78: Jensen’s inequality, 

𝑓൫𝐸𝑥(𝒙)൯ ≥ 𝐸𝑥൫𝑓(𝑥)൯ 

 



Formula 79：Orthomax standard 

𝜦 = ቌ

𝜆ଵଵ ⋯ 𝜆ଵ

⋮ ⋱ ⋮
𝜆ଵ ⋯ 𝜆

ቍ

×

 

Q =   𝜆
ସ



ୀଵ



ୀଵ

−
𝜔

𝑚
 ቌ 𝜆

ଶ



ୀଵ

ቍ

ଶ

ୀଵ

 

𝜔: weight 

Formula 80：Oblimin standard 

𝜦 = ቌ

𝜆ଵଵ ⋯ 𝜆ଵ

⋮ ⋱ ⋮
𝜆ଵ ⋯ 𝜆

ቍ

×

 

Q =  ቐ 𝜆
ଶ



ୀଵ

𝜆
ଶ −

𝜔

𝑚
ቌ 𝜆

ଶ



ୀଵ

ቍ ቌ 𝜆
ଶ



ୀଵ

ቍቑ



ழୀଵ

 

𝜔: weight 

 


