V-1-2. Basic arithmetic operations of matrix
We learned how to use matrix in previous paragraph. However, we cannot use this
technique without knowledge or calculation rule. Arithmetic operations of matrix are

introduced in this paragraph.

1. Sum of matrix

a1 Az 0 Qim bi1 bzt b Ay +byy a;p+ by Ayt by

@21 Gza  Gam | bay bay v bam | _ | @a1t b2 Gptbyp v agn t bom

An1 Qnz " Oum bnl bnz bm apy t bnl apy + bnz o Qpp T bnm
Formula 48

® Confirmation of adequacy above rule
In the case of 2 X 2 matrix as example.

Calculation applying the rule is as follow
a b c dy_(a+c b+d
(k l)+(m n)_(k+m l+n)
We consider the matrix is abbreviated form of matrix of vectors, by removing bases (unit

vectors) . The original form is as follow.

(ae1 bez) + (ce1 dez) _ ((a +c)e; (b+ d)ez)

k61 lez meq ne, - (k + 1)61 (l + n)ez

We can confirm the accuracy of above equation from figure 42.

Fig.42. Sum of vectors and matrix

The rule of abbreviation is as follow.
acae; < (a 0)
b o be, & (0 b)
coce;o(c 0)
dode,o (0 d)
Then
(a b) < aeq+be,

(c d)eceqi+de,



(@ b)+(c d)=ae;+bey+cei+de;=(a+c)e;+(b+de,=(@a+c b+d)
Repeat same procedure in second line
Repeat the same procedure.
a1 Az A1m biy by bim ay1 + b1y gz + by Ain + bim
a21 a22 aZm + b21 b22 me a21 + b21 a22 + b22 aZn + me
aTLl aTlZ anm bTLl bTLZ bm anl + bnl anz + bTLZ ann + bnm
2. Multiplication of scalar and matrix.
a1 Q12 Ain ad;;  adgp aain
a az1 Az Qdzn adz; adpp adrn
an1  Qn2 Ann adn; QAdpy aann
« ‘scalar
Formula 49
® Confirmation of adequacy above rule
a1 Qg A1m a1 Aiz A1m 2a11 2a4; 2a1y
a1 Ay Aom + Az Az Aom 2a3, 2ap; 2a;,
an1  Qn2 Anm an1  An2 am 20n1 20y, 2a,,
2ay; 2ay; 2a1p Q11 Qa2 A1m 3a;; 3a 3ain
2a21 2a22 2a2n + a21 a22 a2m 3a21 3a22 3a2n
2an1 Zanz Zann an1  Qn2 am 3an1 3anz 3ann
repeat
a aa;;  aaq, aaq,
aay; Qaay, aa,
ad = A= : : : "
~
t aa,; Qa,, A,
3. Multiplication of two matrixes
a11 a12 alk all b11 b12 bl] blm
az;q1 04y Ay (25)] b21 b22 b2] me
ai Ak ag || bra by biem
ap1 Qoyn Ank any by by blj bim
yybyy + o agbyy e +ag by Ay Dypy + o Ay e aybyy

= : ailblj + - aikbkj +ailblj

Quibyy + o Qebyy o Fay by

Procedure of calculation AB is follows

A and B are matrix

anlblm + - ankbkm +anlblm

Formula 50



1) Multiply factor (value) at row i and column k in matrix A to factor at row k and
column j in matrix B.

2) Sum the products from k=1 to k =1

3) Factor at row i and column j in product matrix is the value obtained by step 2.

® Example

A1 Q22 Qa3 || byy by Az1b11 + a2bz1 + Az3b31  Az1b1p + Azabap + ag3bs;

(au a; a13> (bu b12) <a11b11 + a12by1 + ay3b31 aq1b1; + aipbyy + a13b32>
@31 432 433/ \b3; b3, az1b11 + azzpbyq + azzbsy  agibyp + aszybay; + azsbs;

® Confirmation of adequacy above rule

We already calculate solution of simultaneous equation applying this rule. We
estimate calculation rule from the relation between two equations, on is usual
expression which we learn in junior high school, the other is expression using matrix.
Form this experience, we may accept the rule sensuously, though we need theoretical
back ground of the rule.
Vector can express both by 1 X[ matrix and by unit vector as follows.

a=(@ - 4 " G)=ae +-+aet+-tae

b=(®b, -+ by - b)=be+-+be;++be
When we multiplicate a by b,

ab = a,b,e;eq + -+ a;jbiejes + -+ a;b 1€

+a1b28182 + -+ ajbzejez + -+ albzelez

+a1blelel + -+ ajble]-el + .-+ alblelel
When e; 1 e]' (l ;t])
1:orthogonal
eie]’ =0
eiei =1

v oee; = |el-||ej| cos 6;_;
T
COS(iE) =0, cos0=1

e;e;: inner procuct
~ ab =a.b,e eq + .-+ a;b;e;e; + --- + a;b,e;e;

=a.by + -+ a;b; + -+ a;b,

(blw
ab=(a; - @4 - Qp) b; =a.by + -+ a;b; + -+ aib;

bm



Conclusively ab is inner product of aand b

We consider A as vertical line of vectors and B as horizontal line of vectors.

a; = (ai a;r)
by
b] = :
b;
(albl b alb_] A albm\
AB = aibl aib]’ aibm
anbl cee anb] cee anbm/
a11 a12 o alk all b11 b12 bl] blm
;1 04y Ay ay; b21 b22 b2] me
apn Aik ai || bra R
Api Qop = App o Ay by by blj o by
ayibyy + v aybyy e tayby Qy1bypy + o Aybyy, Ay by,
= : A1 by; + - ayby; - +ayby :
anlbll + - ankbkl +anlbll . anlblm + - ankbkm +anlblm

Some quick-minded readers may claim why we can assume e; L e;. This claim is
mathematically correct. If matrix can express all vectors, they include orthogonal pairs
of vectors. In such case
ee +0

However, we do not know whether e; and e; are orthogonal each other or they are not
orthogonal each other. This is a rule of calculation. We can derive various mathematics
theory by accepting the rule assuming orthogonal space. Accepting this rule, we can
discuss the correlation and partial correlation and transform oblique coordinate to

orthogonal coordinate.

4. Order of multiplication

Multiplication of matrixes is non-commutative as subtraction between values, though order



of calculation can be changed.

AB # BA
(AB)C = A(BC)

Formula 51

5. There is no division in matrix. Multiplication of inverse matrix is used instead of

6.

division.
A swapping of liens or columns makes change of sign.
Example

Most simple case of swapping of row is as follow

a b k1
(k 1) - (a b)
This swapping looks as it makes no change.

However, when we calculate the determinant.

|Z ll’|=al—bk

koL
. b|—kb al = —(al — bk)

Then

k l| _ |a b|
a b k1
This is nature of things. In case of following simultaneous equation,
ax+by=a«a
kx+ly=p
Subtraction of lower equation from upper equation is as follow.
(ax+by)—(kx+1ly) =a—f
Subtraction of upper equation from lower equation is as follow.
(kx+1ly)—(ax+by) =8 —«

Swapping of upper and lower equation caused change of sign.

a b c s t u
(k l m)—> (a b c)
s t u k Il m

The process can be decomposed as follow.

In the case of

a b c a b c s t u s t u
(k l m)=—<s t u>=—(—<a b c>)=<a b ¢
s t u k I m kI m kI m

)

The sing changes with each swapping of row. In matrix, rules applicable to row are

applicable to column.



a b c a ¢ b c a b c a b
k'l ml=—|s m l]=—=(—|m k ID=|m k I
s t u k u t u s t u s t

5. Summing and subtraction of scalar times of a row or column makes no change

® Examples

Ay v Agj et Qg 0 - a;; - 0\ app v Ggjtaay o dgp
| ap oa a'in |+O(| 0 - ap 0 |= | ay o a;+aay Ain |
/an ey e aln\ /0 0 0 / al.1 a:lj a}n
@ v Gy Qi +[3\a11 Ay aln/: ap +PBayy a4y t+pay; v amtfag,
An1 0 Qnj " gy 0 0 0 an1 aan; Ann
a 0 . a;
a, a;j - Qg 0 a; 0 /11 . : n\
: a ay :
iy a;j e Qi | — !} 0 aiq 0= | aj; aij — Qij a— Ain
: aq ) 11
a a a 0 : . alj
n1 nj nn an1 0 Apy v Ay =iy Gnn
11
a1 Qqj Ain 0 0 0
Qi1 :
a1 aij Ain | + a1 a; j Ain
: 11 :
aTll an] ann O 0 0
/ a1 aij Ain \‘
a; a
I i1 i1 ]
= | 0 aij —Cll'ja am—am—a |
11 11
\ An1 Qnj Ann /



