
V-1-4. Determinant  

 

We already used determinant in previous calculations without theoretical explanation and 

calculation method of determinant. The author enforced readers to accept determinant as 

something magnitude or size of matrix blindly, and to join the calculation of matrix act without 

enough knowledge. However, readers could find inverse matrix and identity matrix already by 

themselves. Inverse matrix is obtained finally dividing by determinant and identity matrix is 

obtained by dividing determinant. From this, readers may already notice that determinant is 

something like ratio for standardization. This is our preliminary guess. 

In later part of this paragraph, we confirm accuracy of our guess. 

We consider transformation of triangles in a plane.  

 

 

 

   

 

 

 

 

 

 

 

 

 

Fig.47 transformation of triangles by a matrix. 

Following matrix is used for transformation. 

ቀ
5 −6
2 −2

ቁ 

We transform blue, solid read and green triangles in figure 47. 

Blue triangle is BOA, Red triangle is OAC, and green triangle is 0ED Dotted triangles 

are transformed triangle from solid triangles in each color. 

Coordinates of vertex 

O: (0 0) 

A: (1 0) 

B: (0 1) 

 C: (1 1) 

  
𝑂 ቀ０ ０ቁ 

Aቀ１ ０ቁ 

𝐵 ቀ０ １ቁ 𝐶 ቀ１ １ቁ 

𝐷 ൬ට２ ０൰ 

𝐸 ൮
ට２

２

ට２

２
൲

𝐸′ ൮
11ට２

２
2ට２൲ 𝐷 ൬5ට２ 2√

𝐴′(5 2) 

𝐶′(−1 0) 

𝐵′(−6 −2) 



D: (√2 0) 

E: ൬
√2

2

√2

2
൰ 

Each vertex moves to new coordinate by transformation 

Aᇱ: ቀ
5 −6
2 −2

ቁ ቀ
1
0

ቁ = ቀ
5
2

ቁ 

Bᇱ: ቀ
5 −6
2 −2

ቁ ቀ
0
1

ቁ = ቀ
−6
−2

ቁ 

Cᇱ: ቀ
5 −6
2 −2

ቁ ቀ
1
1

ቁ = ቀ
−1
0

ቁ 

Dᇱ: ቀ
5 −6
2 −2

ቁ ൬√2
0

൰ = ൬
5√2

2√2
൰ 

Eᇱ: ቀ
5 −6
2 −2

ቁ

⎝

⎜
⎛

√2

2

−
√2

2 ⎠

⎟
⎞

= ቌ

11

2
√2

2√2

ቍ 

We calculate area of triangles. 

⊿BOA = ⊿OAC = ⊿ 0ED =
1

2
× 1 × 1 =

1

2
 

ΔBᇱOAᇱ =
1

2
× OH × 2 +

1

2
× OH × 2 = 2 ×

1

2
= 1 

ΔOAᇱCᇱ =
1

2
× OCᇱ × 2 = 1 

Δ0EᇱDᇱ =
1

2
× EᇱDᇱ × 2√2 =

1

2
×

√2

2
× 2√2 = 1 

ቚ
5 −6
2 −2

ቚ = 2 

ΔBᇱOAᇱ

⊿BOA
=

ΔOAᇱCᇱ

⊿OAC
=

Δ0EᇱDᇱ

⊿ 0ED
= ቚ

5 −6
2 −2

ቚ = 2 

We could confirm the expansion ratio of each triangle is the same as determinant. 

We can confirm this fact in 3dimension space. We consider transformation of a unit delta cone 

by matrix A 

𝑨 = ൭
1 −5 −4
2 4 3
2 −1 −1

൱ 

อ
1 −5 −4
2 4 3
2 −1 −1

อ = −4 − 30 + 8 + 32 − 10 + 3 = −1 



  Unit cone 

 

         

 

 

 

 

 

 

 

 

 

             Fig. 48 Unit delta cone for transformation 

V: 𝑣𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑑𝑒𝑙𝑡𝑎 𝑐𝑜𝑛𝑒 OABC 

V =
1

3
×

1

2
× 1 × 1 × 1 =

1

6
 

Transformation 

𝑂 ൭
1 −5 −4
2 4 3
2 −1 −1

൱ ൭
0
0
0

൱ = ൭
0
0
0

൱ 

A′ ൭
1 −5 −4
2 4 3
2 −1 −1

൱ ൭
1
0
0

൱ = ൭
1
2
2

൱ 

B′ ൭
1 −5 −4
2 4 3
2 −1 −1

൱ ൭
0
1
0

൱ = ൭
−5
4

−1
൱ 

C′ ൭
1 −5 −4
2 4 3
2 −1 −1

൱ ൭
0
0
1

൱ = ൭
−4
3

−1
൱ 

 

 

 

 

 

 

 

 

 

 

                     Fig.49. Transformed delta cone. 

𝑂(0 0 0) 

𝐵(0 1 0) 

C(0 0 1) 

A(1 0 0) 

𝑂(0 0 0) 

𝑂(−4 3 −1) 

B’(−5 4 −1) 

A’(1 2 2) 



 

About ΔAᇱBᇱCᇱ 

The plane including ΔAᇱBᇱCᇱ 

BᇱAᇱሬ⃖ሬሬሬሬሬሬሬ = (−5 4 −1) − (1 2 2) = (−6 2 −3) 

CᇱAᇱሬ⃖ሬሬሬሬሬሬሬ = (−4 3 −1) − (1 2 2) = (−5 1 −3) 
The plane including BᇱAᇱሬ⃖ሬሬሬሬሬሬሬ and CᇱAᇱሬ⃖ሬሬሬሬሬሬሬ 

𝑢BᇱAᇱሬ⃖ሬሬሬሬሬሬሬ + CᇱAᇱሬ⃖ሬሬሬሬሬሬሬ + AᇱOሬ⃖ሬሬሬሬሬሬ = 𝑢(−6 2 −3) + 𝑣(−5 1 −3) + (1 2 2) 

= (−6𝑢 − 5𝑣 + 1 2𝑢 + 𝑣 + 2 −3𝑢 − 3𝑣 + 2) 

−6𝑢 − 5𝑣 + 1 = 𝑥       i 

   2𝑢 + 𝑣 + 2 = 𝑦       ii 

 −3𝑢 − 3𝑣 + 2 = 𝑧      iii 

       ଵ

ଷ
iii 

  −𝑢 − 𝑣 +
ଶ

ଷ
=

ଵ

ଷ
𝑧      iii’ 

        ii + iii′ 

 𝑢 + 2 +
ଶ

ଷ
= 𝑦 +

ଵ

ଷ
𝑧        

                                𝑢 = 𝑦 +
ଵ

ଷ
𝑧 −

଼

ଷ
      iv 

     

   i − 5 × iii′ 

 −𝑢 + 1 −
ଵ

ଷ
= 𝑥 −

ହ

ଷ
𝑧      

  𝑢 = −𝑥 +
ହ

ଷ
𝑧 −



ଷ
       v 

   iv = v 

𝑦 +
1

3
𝑧 −

8

3
= −𝑥 +

5

3
𝑧 −

7

3
 

𝑥 + 𝑦 −
4

3
𝑧 −

1

3
= 0 

3𝑥 + 3𝑦 − 4𝑧 − 1 = 0 

   Distance from the plane to O 

      From the rule of distance from the plate* 

หOHሬ⃖ሬሬሬሬห =
3 × 0 + 3 × 0 − 4 × 0 − 1

ඥ3ଶ + 3ଶ + (−4)ଶ
=

|−1|

√34
 

                                                                        

 * Rule of distance of a point from the plate 

          Plate  

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0 

          Point 

(𝑥 𝑦 𝑧) 



          Distance  

หNHሬ⃖ሬሬሬሬሬห =
|𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑|

√𝑎ଶ + 𝑏ଶ + 𝑐ଶ
 

Proof 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Let N as a point on a normal line of a plane.  Point on the plane is denoted as (𝑥 𝑦 𝑧). 

The foot of the normal line (H) is (𝑥 𝑦 𝑧)  and arrow head of the vector NHሬ⃖ሬሬሬሬሬ  is 

(𝑥 𝑦 𝑧)  

When we assume an element vector on NH as (𝑎 𝑏 𝑐) and express by 𝛂 

NHሬ⃖ሬሬሬሬሬ = 𝑡𝛂 

𝒆 = (𝑎 𝑏 𝑐) 

             NHሬ⃖ሬሬሬሬሬ = (𝑥 − 𝑥 𝑦 − 𝑦 𝑧 − 𝑧) = 𝑡(𝑎 𝑏 𝑐)     i          i 

Vector on the plane (𝒑) is  

𝒑 = (𝑥 − 𝑥 𝑦 − 𝑦 𝑧 − 𝑧) 

 Vectors NHሬ⃖ሬሬሬሬሬ and 𝒑 are orthogonal each other and their inner product is 0. 

NHሬ⃖ሬሬሬሬሬ ∙ 𝒑 = 0 

𝑂 ቀ０ ０ ０ቁ 

H(𝑥 𝑦 𝑧) 

𝑁(𝑥 𝑦 𝑧) 

Pଶ(𝑥ଶ 𝑦ଶ 𝑧ଶ) 

𝜶(𝑎 𝑏 𝑐) 

Pଵ(𝑥ଵ 𝑦ଵ 𝑧ଵ) 

t𝜶 



(𝑥 − 𝑥 𝑦 − 𝑦 𝑧 − 𝑧) ൭

𝑥 − 𝑥

𝑦 − 𝑦

𝑧 − 𝑧

൱ 

= 𝑡(𝑎 𝑏 𝑐) ൭

𝑥 − 𝑥

𝑦 − 𝑦

𝑧 − 𝑧

൱ 

= 𝑡൫𝑎(𝑥 − 𝑥) + 𝑏(𝑦 − 𝑦) + 𝑐(𝑧 − 𝑧)൯ = 0 

𝑡 ≠ 0 

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 − (𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧) = 0 

Here 

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0 

Then 

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0 

Multiply (𝑎 𝑏 𝑐)் to the both side of equation i from rite side  

(𝑥 − 𝑥 𝑦 − 𝑦 𝑧 − 𝑧) ቆ
𝑎
𝑏
𝑐

ቇ = 𝑡(𝑎 𝑏 𝑐) ቆ
𝑎
𝑏
𝑐

ቇ 

𝑎𝑥 − 𝑎𝑥 + 𝑏𝑦 − 𝑏𝑦 + 𝑐𝑧 − 𝑐𝑧 = 𝑡(𝑎ଶ + 𝑏 + 𝑐ଶ) 

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 − (𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧) = 𝑡(𝑎ଶ + 𝑏 + 𝑐ଶ) 

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = −𝑑 

𝑎ଶ + 𝑏 + 𝑐ଶ ≠ 0 

𝑡 =
𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑

𝑎ଶ + 𝑏 + 𝑐ଶ
 

หNHሬ⃖ሬሬሬሬሬห = 𝑡|𝜶| = 𝑡ඥ𝑎ଶ + 𝑏 + 𝑐ଶ =
𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑

𝑎ଶ + 𝑏 + 𝑐ଶ
ඥ𝑎ଶ + 𝑏 + 𝑐ଶ =

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑

√𝑎ଶ + 𝑏 + 𝑐ଶ
 

Q.E.D 

                                                                              

  Area of ΔAᇱBᇱCᇱ 

    Angle ∠BᇱAᇱCᇱ 

∠BᇱAᇱCᇱ = 𝜃 

     Inner product of BᇱAᇱሬ⃖ሬሬሬሬሬሬሬ and CᇱAᇱሬ⃖ሬሬሬሬሬሬሬ 

BᇱAᇱሬ⃖ሬሬሬሬሬሬሬ = (−6 2 −3) 

CᇱAᇱሬ⃖ሬሬሬሬሬሬሬ = (−5 1 −3) 

หBᇱAᇱሬ⃖ሬሬሬሬሬሬሬห = ඥ(−6)ଶ + 2ଶ + (−3)ଶ = √49 = 7 

หCᇱAᇱሬ⃖ሬሬሬሬሬሬሬห = ඥ(−5)ଶ + 1ଶ + (−3)ଶ = √35 

BᇱAᇱሬ⃖ሬሬሬሬሬሬሬ ∙ CᇱAᇱሬ⃖ሬሬሬሬሬሬሬ = (−6) × (−5) + 2 × 1 + (−3) × (−3) = 41 

หBᇱAᇱሬ⃖ሬሬሬሬሬሬሬหหCᇱAᇱሬ⃖ሬሬሬሬሬሬሬห cos 𝜃 = BᇱAᇱሬ⃖ሬሬሬሬሬሬሬ ∙ CᇱAᇱሬ⃖ሬሬሬሬሬሬሬ 

 



cos 𝜃 =
BᇱAᇱሬ⃖ሬሬሬሬሬሬሬ ∙ CᇱAᇱሬ⃖ሬሬሬሬሬሬሬ

หBᇱAᇱሬ⃖ሬሬሬሬሬሬሬหหCᇱAᇱሬ⃖ሬሬሬሬሬሬሬห
 

sinଶ 𝜃 = 1 − cosଶ 𝜃 =
൫BᇱAᇱሬ⃖ሬሬሬሬሬሬሬ ∙ CᇱAᇱሬ⃖ሬሬሬሬሬሬሬ൯

ଶ

หBᇱAᇱሬ⃖ሬሬሬሬሬሬሬห
ଶ

หCᇱAᇱሬ⃖ሬሬሬሬሬሬሬห
ଶ =

หBᇱAᇱሬ⃖ሬሬሬሬሬሬሬห
ଶ

หCᇱAᇱሬ⃖ሬሬሬሬሬሬሬห
ଶ

− ൫BᇱAᇱሬ⃖ሬሬሬሬሬሬሬ ∙ CᇱAᇱሬ⃖ሬሬሬሬሬሬሬ൯
ଶ

หBᇱAᇱሬ⃖ሬሬሬሬሬሬሬห
ଶ

หCᇱAᇱሬ⃖ሬሬሬሬሬሬሬห
ଶ  

sin 𝜃 =
ටหBᇱAᇱሬ⃖ሬሬሬሬሬሬሬห

ଶ
หCᇱAᇱሬ⃖ሬሬሬሬሬሬሬห

ଶ
− ൫BᇱAᇱሬ⃖ሬሬሬሬሬሬሬ ∙ CᇱAᇱሬ⃖ሬሬሬሬሬሬሬ൯

ଶ

หBᇱAᇱሬ⃖ሬሬሬሬሬሬሬหหCᇱAᇱሬ⃖ሬሬሬሬሬሬሬห
 

S: area of ΔAᇱBᇱCᇱ 

S =
1

2
หBᇱAᇱሬ⃖ሬሬሬሬሬሬሬหหCᇱAᇱሬ⃖ሬሬሬሬሬሬሬห sin 𝜃 =

1

2
ටหBᇱAᇱሬ⃖ሬሬሬሬሬሬሬห

ଶ
หCᇱAᇱሬ⃖ሬሬሬሬሬሬሬห

ଶ
− ൫BᇱAᇱሬ⃖ሬሬሬሬሬሬሬ ∙ CᇱAᇱሬ⃖ሬሬሬሬሬሬሬ൯

ଶ
 

(∵ area of triangle: 
1

2
× 𝑏𝑎𝑠𝑒 × ℎ𝑒𝑖𝑔ℎ𝑡) 

=
1

2
ඥ49 × 35 − 41ଶ =

1

2
√1715 − 1681 =

1

2
√34 

                    V௧: volume of delta cone OAᇱBᇱCᇱ 

V௧ =
1

3
× 𝑆 × ℎ𝑒𝑖𝑔ℎ𝑡( 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑡𝑤𝑒𝑒𝑛 𝑜 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒) 

=
1

3
×

1

2
× √34 ×

|−1|

√34
=

1

6
|−1| 

V௧

V
=

1
6

|−1|

1
6

= อ
1 −5 −4
2 4 3
2 −1 −1

อ = −1 

We could confirm that determinant is ratio of volume before and after the transformation.  


