V-2-3. Spectral decomposition

Several concepts in basic linear algebra are introduced in this text book. The purpose of
introduction of basic mathematics is deep understanding of commonly used
multivariable analysis techniques. Multivariable analysis is used for simplifying
information by summarizing factors to several major factors in many cases. For this
purpose, people want to see the data as a superposition of individual impact explained

by single independent factor.

Following is a tangible example.

When we look following matrix

3 00
D= <0 4 0)
0 0 1
We decompose the matrix as follow.

3 00 1 0 O 0 0 O 0 0 O
D=<0 4 0>=3<0 0 0>+4<0 1 0>+1<0 0 0)
0 0 1 0 0 O 0 0 O 0 0 1
1 0 O 0 0 O 0 0 O
Matrix <0 0 0), <0 1 0) and 1(0 0 0) are unit vectors which are orthogonal
0 0 O 0 0 O 0 0 1

each other. We can recognize structure of data intuitively, because eigen vectors are

according with coordinate of matrix.

We denote each unit vector as follow.

o) o) )

D=363+4e4+61
As shown in above example, we can write each vector by multiplying real to unit vector.
This is simplification of dataset. However, we cannot simplify non-diagonal matrixes

intuitively. As an example, we cannot consider following matrix as superposition of

8 5 7
-1 2 -1
-3 -3 -2

In the case of non-diagonal matrix, we cannot simplify the matrix. Of course, we can

orthogonal vectors.

simplify the matrix after diagonalization of the matrix. However, it is no meaning at
this moment, because diagonalized matrix is not the original matrix. Keeping the wish
for simplification of matrix as superposition of orthogonal vectors in order to discuss

each factor separately, we trace the process of diagonalization step by step



As an example, we diagonalize following matrix.

2 =2 3
A=11 1 1
1 3 -1

1. Calculation of eigenvalue using eigen equation.
2—1 =2 3
1 1-1 1 =0
1 3 -1-2

C-DA-D1-1)-249-32-N+2(-1-1)-31-21)=0
—234+2224+51-6=0

A=-2,1,3
2. Calculation of eigen vector

2 -2 3 X1 X1
1 1 1 Xy | = =2 %2
1 3 —-1/\x3 X3

4x1 _2x2 + 3x3 =0

Following A = -2

x1+3x2+X3=0
x1+3x2+X3=0

X1 = 11x2, X3 = _14x2

11
{2
—-14
2 -2 3 X1 X1
L3
1 3 =1/\X3 X3

x1—2x2+3X3=0

Eigenvector

Following A =1

x1+x3=0
x1+3x2—ZX3=0

x1=_x2, x3=x2
-1
tl 1
1
2 =2 3 X1 X1
1 1 1 X2 | =3 X2
1 3 -1/ \X3 X3

—X1— 2x2 + 3x3 =0

Eigenvector

Following A =3

x1—2x2+X3=0

x1+3x2—4X3=0



X1 = Xy = X3

)

3. A matrix for orthogonalization of matrix A is

11 -1 1
P=| 1 1 1
-14 1 1

Eigenvector

VC\“a_o
11 -1 1
|P| = 1 1|=30
-14 1 1
11 1 —14
PT=<—1 1 1)
1 1 1
/ |1 1 _|—1 1| 1 1|\
4 1 1 —14 111—1}1 11 1
1 el P N P | al
\|1 —14| _|11 —14| 11 1/
-1 1

1(0 2 —2)
15 25 —10
30\ {5 3 12
0 2 —2\/2 -2 3\/11 -1 1
P‘lAP=3—10(—15 25 —10)(1 1 1)( 11 1)
15 3 12/\1 3 -1/\-14 1 1
L/ 0+2-2 0+2—-6 0+2+2 11 -1 1
%<—30+25—10 30 + 25 — 30 —45+25+10><1 1 1)
30+3+12 -30+3+36 45+3-12 /\-14 1 1
0 -4 4\/11 -1 1
=<—15 25 —10)( 11 1)
45 9 36/\-14 1 1
L/ 0-4-56 0—4+4 0—4+4
-55(- )

165+ 25+140 15+25-10 -15+25-10
495+9—-504 —-45+9+36 45+9+36

1/-60 0 0
=—( 0 30 o0



Multiplying P and P~!from left and right respectively

_2@)@):1(;)(;):3(;) s
oo

Applying law of distribution,

1\ /1\" 0\ /0 0\"
A=-2P(o](o]) P'+1P(1](1 P‘1+3P 0) P~
0/ \0 0/ \0 1
2 /11 -1 1/ /70 2 -2y (/11 -11
:"§6< 101 1)(0)(0) <—15 25 —10)4-30< 101 1)(1
-14 1 1/\o/\o/ \15 3 12 -14 1 1/\0
1/11 -1 1y/o\/0\"/0 2 =2
+iﬁ< 11 1)(0)(0) (—15 25 —10)
-14 1 1/\1/\1/ \15 3 12

11 -1 1\ /1 11
1 1 1){0]={ 1
-14 1 1/ \0 -14

15 25 —10)
15 3 12

Here

0 2 =2
10 O)<—15 25 —10>=(0 2 =2)
15 3 12
11 -1 1\ /0 -1
1 )6-)
-14 1 1/ \0 1
0 2 =2
0 1 O)<—15 25 —10>=(—15 25 -10)
15 3 12

11 -1 1\ /0 1
L1 )00
-14 1 1/ \1 1
0 2 =2
0 0 1)(—15 25 -10 )—(15 3 12)
15 3 12

11 -1 1
A=—2< 1 )(0 2 —2)+< 1 )(—15 25 —10)+3<1>(15 3 12)
—-14 1 1

1 /0 22 22 1 15 =25 10 1 15 3 12
=—2X% 0 2 -2 30 -15 25 -10 10 15 3 12

0 —28 28 -15 25 -10 15 3 12

0pl,3 722 -5 3 2.1 6
272 15 "6 "10 15 '35
1,3 2,5,3 2 16
1" 272 "1576°170 15 35 |
\0 1,3 28 5 3 28 14_6/
272 157610 15 35



2 -2 3
= <1 1 1 )
1 3 -1
This is only a confirmation of adequacy of matrix calculation rules. What is noteworthy

in the calculation is the line

1\ /1\7 0\ /0\" 0\ /0\"
A=-=-2Plo]|(o| PY+1P|1](1] P*+3P(0]|l0] P?
0/ \o 0/ \o 1/ \1

This means that when a matrix can be diagonalized as follow

A 0 o0
papi=p=(0 % 0
00 -~ A
We can express the matrix as follow
1\ /I\" 0\ /0N 0\ /0T
A=xP| O O) Pranp| L)1) P+t a,p| O[O P2
o/ \o o/ \o 1/ \1

We denote the unit vectors as e;.
A=)\ Peje;"P1 +),Pe,e,"P + -+ A, Peye, TP
Apropos of nothing, we consider how we can transform the equation in the case when
p1l=pT
A=)\ Peje;"P1 +),Pee,"P + -+ A Peye, P71
=M Pe,e,"PT + X\,Pe,e;,"PT + .-+ A, Peye,” PT
= M Pe;(Pey)T + A,Pe,(Pey)" + -+ + A Pe,(Pe,)T

Some readers may accept the trans formation e;”PT —» (Pe;)” intuitively, Some cannot
be accept the transformation without any explanation. We do not need any theoretical

explanation. It is acceptable by tracing calculation process of example.

a 6
=32 o=(s )
be) (i)

CD_(aa+b,B+cy a5+bs+c()
" \da+ef+fy dé+ec+fQ

d
_(aa+bB+cy datep+fry_(a B v\(, =
(CD)T—(a5+bg+c( d6+€8+f(>_<6 £ Z)(lc) ;)_DTCT



a 6 b aac+dé ba+ed ca+féb
DC = (ﬁ’ e) (Z o ]Cc) =|aB+de bf+es cf+fe
y ¢ ay +d¢ by +ef cy+f{

ac+dS aff+de ay+d¢ a d
(DO = ba+eS bB+ec by+el|= <b e) (g B V) — CTpT
ca+fs cB+fe cy+f¢ c f e ¢

When we can transform as follow
A =) Pe;(Pey)" + A, Pe,(Pey)" + -+ A, Pe,(Pe,)T

a d g
Letting P=<b e h)

c f i

a d g\ /1 a
Pe, = <b e h) (0) = (b)
c f i/\0 c

(Pe))"=( b o)

a’> ab ¢
Pei(Pe;)" =|ab b? bc
ac bc c?

a d g\ /0 d
Pe2=<b e h)(l)z(e)
c f i/\0 f
(Pe)'=(d e f)
d*> de df
Pe,(Pey)T = <de e? ef)
f ef f?
a d g\ /0 g
Pe3:<b e h><0)=<h>
c f i/\1 i

(Pe3)"=(g h D)

g®> gh gi
Pe3(Pe3)T = gh hZ hl

gi hi i?

e O () B

When a matrix has following nature

T



MT
the matrix is symmetric matrix.

In another word, when following matrix is symmetric

a1 Q12 Ain

I R

an1  Qn2 Ann
aij=aji

ay sa
As shown in the calculation of the example, products of (b) <b> ,

d\ rd\" NN
<e> (e) and (h) (h) are symmetric matrix.
f/ \f i i

And the sum of the symmetric matrixes is symmetric matrix. So, 4 is symmetric.

From this, we can say that symmetric matrixes can be decomposed to sum of symmetric
matrixes, if symmetric matrixes generally have nature that P~1 = PT,
At first, we consider the necessary condition of P~1 = PT
The equation of PT = P~1 means
PTP=1

We consider this condition from simple easy example.
_(a b
P= (c d)
r_(a ¢
P'=(, q)

Pr=(p 2 o)

(o v

From this equation

1
ii

1ii

a’+c?=1
b2 +d?=1
ab+cd=0
We can solve this simultaneous equation. However, when we consider
P=(P;

where

P;)



o= ()

The equation of iis |P4|*> and the equationiiis |P;|%. The equation iii is inner product
of Py and P,
PP, =0
From this, the necessary condition is P; and P, are unit vectors and are orthogonal
each other

In the case of 3 X 3 square matrix

a d g\sra b c 1 0 0
<b e h)(d e f):(() 1 0)
c f i/\g h i 0 0 1
a’+d*+g?> ab+de+hg ac+fd+ig 1.0 0
ba+de+hg b*+e*+h* cb+ef+ih =< )
ac+fd+ig cb+ef+ih c?+f2+i?
a’+d*+g%2=1
b +e*+h*=1
c2+fr+i2=1
ab+de+hg=0
ac+ fd+ig=20
cb+ef +ih=0
This means the vectors which is the element of P are unit vectors, and they are
orthogonal each other. Originally the vectors composing P is originally eigenvectors
of matrix A. From this we can conclude that when the eigenvectors of a symmetric

matrix is orthogonal each other P~1 = PT

Next, we verify that eigenvectors of symmetric matrixes are orthogonal each other.x;, x,
are eigenvector of matrix A. From the definition of eigenvalue and eigenvector.
Axy = Aixq 1
Axy = 1,x, 1
Transpose 1
(Ax)" = Ax,"
x1TAT = 1yx,T v

When matrix A is symmetric matrix

Put thisin?



Multiply x, to both sides from right

x1TAxy = 1,217 %,
Put ii to left side of upper equation

x1"Az%2 = A1 %,

Aoxi %y = 1,217 x;
Transpose right side to left side

(A2 — /11)x1Tx2 =0

From this
Ay —2,=0
or
X17x,=0

In the case the eigen equation has no multiple root

Ay =2, #0
Then

X17x,=0
Product of x;Tx, is inner product of x;andx,. When x;7x,=0, x;andx, are
orthogonal each other
We must consider the case of having multiple root separately. In the case of double root,
the eigenvectors following the double roots is exist in a plane which is orthogonal to
other eigenvectors. We can select any unit vector on the plane for a double root and can
find orthogonal unit vector for the other double root. This method is named
Gram-Schmidt orthogonalization. In the case of higher-order multiple root, the space
the eigenvectors following the multiple root exist orthogonal space to other eigenvectors.

We can use Gram-Schmidt orthogonalization.

Another issue we should consider is the case when the eigen equation has no solution.
However, all symmetric matrix has solution. From this we can conclude that when a

matrix is symmetric matrix, we can decompose the matrix as follow

A = Nee”
(e is matrix composed from unit vector of eigenvector, and
7\1 0 e 0
A (lambda) = 0 }:\2 0
o

More applicable expression is as follows
A= Nee” +ee" + -+ Apepe,”

or



14
A= Z /’{l’eieiT
i=1

e;: unit vector of eigenvector,
el e

Formula 61

We call decomposing of symmetric matrix to sum of symmetric matrixes produced from

eigenvectors which orthogonal each other by this method as spectral decomposition.

For understanding of specific protocol of spectral decomposition, we implement specific

decomposition of following matrix.

3 1 -1
A=[1 5 -1
-1 -1 3

G- 1 -1
1 (G- -1 |=o0
-1 -1 (3-1

A is a symmetric matrix.

1. Eigen equation

B-VDE-1HVE3-H+1+1-B-ADV-G-1H-B-1H=0
36 —36A+ 1122 -3 =0
A-6)A-3)yA—-2)=0
A =61, =31;=2
2. Eigenvector

Eigenvector belonging to 1, =6

3 1 -1\ /%1 X1
s _1)<x2) _ 6<)
-1 -1 3 X3 X3

3x1 + Xy — X3 = 6Xxq 1
X1+ 5% — X3 = 6X, 1
—X1— Xy + 3x; = 6Xx3 111
—3x1+x,—x3=0 7
X1—X2—Xx3=0 i’
—X1—X3—3x3=0 1’
—2x1—2x3=0 U+
—2Xx; —4x3; =0 1+Hii’
X1 = —X3

xZ == _Z.X3



Eigenvector belonging to

Eigenvector belonging to

xl_x3=0

1
e1=t(2>
-1
A, =3
3 1 -1\ /% X1
<1 i _1)<)3<)
-1 -1 3 X3 X3

3x1+ X2 — X3 =3x1
X1+ 5%, —x3 = 3x, 11
—X1— Xy + 3x;3 = 3x3 111
Xy — X3 = 0

X1+ 2x, —x3=0 1i

—X1— X = 0 11’
X1 ==X
xz = .X3
1
ey = t| -1
-1
A3 = 2

3 1 -1\ /%1 X1
<1 : _1)<x2) _ z<)
-1 -1 3 X3 X3

3x1+ X2 — X3 =2Xx1
X1+ 5% — x3 = 2x, 11
—X1— X+ 3x;3 = 2x3 111
X1+X2—%x3=0

X1+3x—x3=0 i
—X1—X2+%xX3=0 1y’
—2x,=0

x2=0

P — il

substitution of X, =0 in71’
X1 = X3

o

Unit vectors of each eigen vector

0
L
(%)
-1
=| 7| e=

1
-1

V3

L
2
e = % ,

-1

Ve

Sl-e Sl

Result of spectral decomposition.
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1 0 1
Right side
1 2 -1 1 -1 -1 1 0 1 3 1 -1
2 4 =2]+[-1 1 1 ]+10 0 0= 1 5 -1
-1 -2 1 -1 1 1 1 0 1 -1 -1 3

Quasi spectral decomposition

Strictly, spectra decomposition means decomposition of symmetric matirix. Asymmetric
matrixes can also be decomposed to sum of products of eigenvalue and matrix similarly
as spectral decomposition of symmetric matrix. This decomposition is included in
spectral decomposition in several text books. However, it cannot be expressed only by
eigenvectors and result of decomposition is different from spectral decomposition,
because we cannot expect complete orthogonality among eigenvectors of asymmetric.
The author does not know how we call the decomposition of asymmetric matrix. We

call the decomposition asymmetric matrix as quasi-spectral decomposition.

Let presume asymmetric matrix A can be diagonalized by P

,11 0 - 0
piap=4=2 %2 =0
oo
PP 'APP 1 =4
Al 0 0
a=papri=p| % % = 0 )pn
oo
P11 P12z " Pin Q11 Q12 " Qin
Put P:= P:21 P?z P?n and P! = q:21 q?z q?n
Pn1 Pnz " DPnn An1 9n2 " Gnn
Pir Pz 0 P\ /A O o 0\ /%11 12 " G
P?1 P?z Pgn 0 A, - 0 CI_21 q?z an
Pn1 Pn2 °° Pnn O 0 /{n n1 9n2 ' nn
Mp11 APz v AP [G11 Gzt Gan

MP21 A2P2z 0 ApPan || 921 Q22 d2n

Alpnl Azpnz Anpnn n1 9nz  * qnn



MD11G11 + AaD12G21 + -+ AaPinGns MP11Gaz + A2P12G22 + -+ AP1nn2 MDP11G1n + A2P12G2n + -
_ | MP21G11 + AaP22G21 + -+ AaP2nGn1 APa1Gaz + A2D22G22 + -+ + AnDonnz A1P21G1n + A2D22G2n +
Alpnlqll + lzpn2q21 + et Anpnnqnl llpm‘hz + Azpnz‘Izz +ot lnpnnqnz Alpnlqln + lzanan + o
P11911  P11912 P1191n P12921  P12922 P1242n Pindn1  Pinfn2
=1, Pz1ifh1 P21E‘I12 lequn 2, Pzzz‘Iu PzzEszz Pzzz‘hn et 2, pZannl PZnE‘Inz
Pn1911  Pn1912 Pn191n Pn2921 Pn2922 Pn292n Pnndn1  PnnQn2
P11911  P11912 P1191n P11 O 0 d11 912 din
P21911  P21912 P219in \ _[ D21 O 0 q21 922 q2n
Pn1911 Pni1912 Pn191n Pn1 O dn1  qn2 nn
P12921  P12922 P1292n 0 pi2 0 d11 912 din
P22921 DP22922 P2292n | _ [ 0 Do 0 q21 422 q2n
Pn2921 Pn2922 Pn292n 0 pn 0/ \9n1 9n2 Gnn
Pindn1  Pin9n2 Pinlnn 0 0 Pin di11 912 Qin
P2ndn1  P2nn2 Pondnn } _ [0 O P2n d21 422 q2n
Pnndn1  Pnn9n2 Pnn9nn 0 0 Pnn qn1  9n2 qnn
P 0 - 0 d11 Y12 q1n 0 p - 0 q11 Y12 Ain
CA= P:21 0 0 q521 q?z q?n 2, 0 P?z 0 q521 q?z q?n 4.
P 0 - 0/ \dn1 Gn2 Gnn 0 Prz - 0/ \dm Gnz Gnn
0 0 DPin q11 412 qin
T2, 0 0 P?n q521 q?z q?n
0 0 Pnn dn1  9n2 dnn

This is quasi spectral decomposition.

An example of quasi spectral decomposition

Diagonalization)
8 5
A=(-1 2
-3 -3
Change to unit vector
3 1
( 11 V2
po| 1 1
| oviT V2
\ 1
—— 0
11

(This example is

7
-1
-2

- e Nl

NN~

x|

+ ln PinGnn
+ Anpzn Ann

+ nPnnfnn

Pinlnn
P2nlnn

Pnnlnn

used in V-2-2.



Pl=(-vi -2 -2

V2 2 -2V2
(T s e )
p1=i—jooi, P2=|0_i0|, P;=|0 0 O1|
\—L 0 o/ \0 (\)/E 0/ \0 0 _ﬁ/
11

P=P1+P2+P3

3

— 0 0
( 111 \‘ V11 V11 V11 3 3 3
-7z 0 of(-v2 -2z vz =<—1 -1 —1)

1
|V Vi 7 —2v3) 1ol -
\-7 © 0/
11
0 ! 0
2 Vi1 V11 V11 -1 -2 -1
PP=| 1 (- VZ -2v2 -2 =<1 2 1)
2 V2 2 -2V2 0 0 0
0 0 0
0 0 !
V2 Vil V11 V11 -1 -1 -2
P;P'=|0 0 0 -2 —2v2 2 =<0 0 0)
00 —~J\ —vZ —vz -—2v2/ ‘1 1 2
2
A=3P,P14+4P,P71 +1P;P?
Confirmation

8 5 7
A={-1 2 -1
-3 -3 -2

3P,Q +4P,Q + 1P3Q

3 3 3 -1 -2 -1 -1 -1 -2
=4|l-1 -1 —-1]+3( 1 2 1 |++1{ 0 0 0
-1 -1 -1 0 0 0 1 1 2

12-3-1 12-6-1 12-3-2
=(-44+3+0 —446+0 —4+3+40
44041 —4+40+1 —4+0+2

8 5 7
=<—1 2 —1)
-3 -3 -2
8 5 7\/8 5 7 64—5-21 40+10—21 56-—5-—14
A2=(—1 2 —1)(—1 2 —1>=(—8—2+3 —5+4+3 —7—2+2>

-3 -3 —2/\-3 -3 -2 —24+3+6 —-15-6+6 —21+3+4



38 29 37
={-7 2 -7
—15 —15 —14

42P,Q + 32P,Q + 12P3Q

3 3 3 -1 -2 -1 -1 -1 -2
=16|—-1 -1 —-1]+9( 1 2 1 ]+1{( 0 0 0
-1 -1 -1 0 0 0 1 1 2

48—-9-1 48—-18—-1 48—-9-2
=({-16+9+0 -16+18+0 —-16+9+0
-16+0+1 -16+0+1 -16+0+2

38 29 37
=| -7 2 =7
-15 -15 -14

We can calculate power of Asymmetric matrix by following formula when the matrix can

be diagonalized.

n
A™ = Z A PPt
k=1



