V-2-6. Maximum and minimum

V-2-6-1. Maximum and minimum in quadratic from maximum and minimum

When the quadratic form is defined by a positive real number as follow, we can draw the
locus of arrow head of the vector x as shown in V-2-3. “Diagonalization and spectral
decomposition of quadratic from”. This means that the absolute value (Iength) of vector
is restricted by the equation
xTAx =d

Depending on the shape of quadratic form, the length of the vector has extreme value in
several cases. In the case when the matrix is positive definite, the shape of the locus is
hyperelliptic. The longest vector is the longest radius, and the maximum value of length
of vector is length of longest radius. The shortest vector is shortest radius, and the
minimum value of the length of vector is length of shortest radius. In the case of
indefinite, shape of the locus is not simple, and we cannot discuss maximum and
minimum of the length of vector without other domain of definition in many cases.
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This is equation of hyperelliptic. Figure 58 is an example elliptic
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Fig. 58. An example of elliptic

From this figure, we can understand that the maximum length of vector, the absolute

value of x is —— and the minimum length of vector x is — when the matrix is

V22 En
positive definite.
From this, we can conclude that the minimum and maximum of following value is
smallest eigen value and largest eigenvalue, when matrix A is positive definite.
xTAx
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The author supposes that many readers can accept upper explanation intuitively.
However, some readers cannot accept the explanation because of its too simple logic. For
such readers, the author adds supplemental explanation.

xTAx
xTx

Meaning of is ratio of xTAx and xTx. The numerator, xTAx, is magnitude of

hyperelliptic, and xTx is square of length of vector x. We are discussing the maximum
and minimum value of the ratio and when the ratio is maximum and minimum value.

Here, A is symmetric and positive definite.
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P1AP =A
A 0 o0

WIS

0 0 vee /'lp



/112122"'ZAP>0
1 1
A2 = PAzP?
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Spectral decomposition
A= Nee” +ee" + -+ Apepe,”
xTAx=2,x"eje;"x + 1,xTe e x + -+ A, x"epe, x
Assigning e; to x
e;"Ae=211e;Teje;"e; + 1eTee;Te + -+ AyeTepe, e
e; and e; is orthogonal each other
eej=0 i#]
eTe; =1
e,TAe=1,e,TejeTe; = 1,
Conclusion

When symmetric matrix A is positive definite

xT Ax
max——=/,,
xx0 X'X

Similarly,

- xTAx
min =
x#20 xTx p




Ao 0 @ 0
00 Ap
/’{1>122"21p>0

Formula 63

V-2-6-2. Cauchy Schwarz’ s inequation
So far, we do not know how to use this conclusion. We will use this in later paragraph of
this text book. Before that, the author adds several complemental interpretations for

understanding or the meaning of this inequality.

Cauchy Schwarz’s inequation is often used in optimization. This inequation has various
forms, though most general expression is as follow.
(aby + azb, + - + apbp)2 < (a2 + a2+ +a,?)(b* +b,° ++b,°)
Formula 64
The most simple and elegant proof of the inequality is to change the inequation to vector
form.

Denoting vector a and b

a by
a=(%) b={"
a, b,

Inner products of the vectors
a- b=|al||b|cosB

L
2772
0<cosf <1
Then
a- b <|allb| i
b,
a-b=a"b=(a;, a, " %)% = a;b; + ab, + -+ + a,b,
bp
|aM=J%2+af+uﬁw%% w|=Jm2+m2+m+bj

Put these equations to 1



a1b1 + azbz + b + apbp S Jalz + a22 + b + apz\/blz + b22 + + bpz

Raise both side to the second power
2
(a1b1 + azbz + ee + apbp) S (a12 + a22 + A + apz)(blz + b22 + A + bpz)
This is very sophisticated proof, as it is used only a trivial rule that inner products of the

vectors are smaller than products of length of vectors.

Example of expansion of Cauchy Schwarz’s inequation (1)

a=(B2a)
b= (B-%p)

Bis symmetric matrix

Letting

Put a and b in Cauchy Schwarz’s inequation.
(a"a)(b"b) > (a’b)?

e sk (okc) (o) (k)
- (w8t sia) (54 5 )
= (a"Ba)(B"B7'p)
Rightside = (Ba) (B73) (B%a) (B72)
_ (aTB%TB—% )(ar B%TB—%ﬁ)

= (a"1B)(a"1B)
= (a'B)?
(a"Ba)(B"B™'B) = (' B)?
When
1 1
B2a = cB™2p
(a"Ba)(B"B7'B) = (a'B)?
Formula 65
In this inequation, a’Ba is scalar and B is positive definite. We can divide both sides

without change of inequality sign.



(a’B)?

a’Ba

<pB"B7p
By this transformation, we can separate the inequality to two parts. Left side is function
of a, and right side is function of .

(a’B)?

a’Ba

F(a) =

maxF(a) = BTB718

a+0
When
1 _1
B2a = cB 23
a=cB'p
For clear specification of variable, we denote a as x

We presume that symmetric matrix B is positive definite.

(x'B)? R
maxgx PEBA
When
x=cB™1pB

Example of expansion of Cauchy Schwarz’s inequation (2)

Letting

b= (a%a>

Bis symmetric matrix
Put a and b in Cauchy Schwarz’s inequation.
(a"a)(b"b) > (a’b)?

1 \T/ 1 1 \T 1
Left side = <Ffa) (ﬁa) (G_Ea) <G'Ea>
1T 1 1T 1
= (aTFi F§a> (aTGE Gfa>
= (a"Fa)(a"Ga)
1 N\T/ 1
Right side = (GZa) (ﬁa)

1T 1
=a’G2 Fza



Combining both side
1T 1
(a’Fa)(a’Ga) > a’ G2 Fza

Dividing both side by (a’Ga)? ((a’Ga)? > 0)
1T 1
(a"Fa) - a’g? Fla

(a’Ga) ~— (aTGa)?

Condition of equality

(a= (F%a), b= (G%a))

1 1

F2a = cG2a
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V-2-6-3. Method of Lagrange multiplier

The exemplified two cases of expansion of Cauchy Schwarz’s inequation in upper

paragraphs. Those cases can be interpreted as particular cases of method of Lagrange

multiplier. Method of Lagrange multipliers is a method to calculate maximum or

minimum value under constrained conditions. Figure 59 is illustration of theoretical

background of method of Lagrange multipliers.



Fig. 59. Relation between minimizing function and constrained condition.

Red line is constrained condition g(*1 ** Xp) = 0, and shapes written by blue line is
target function of minimization f(*¥1 ** Xp)=c. When we increase ¢, the area
enclosed by blue line expand and the blue line will contact red line at a particular c.
After that blue line will have intersections with red line. When blue line has
intersections or tangent point, blue line can satisfy the constrained condition. The shape
of the blue line is not simple and there will be several tangent points between blue line
and red line with increase of ¢, however ¢ at first tangent point is minimum ¢ which
satisfy constrained condition. In the case, when we consider maximization of function
f(*¥1 - Xp)=c.weput f(¥1 ° Xp)=c inside of g(*1 = Xp) = 0. The last point
where blue line and red line has tangent point will give the maximum value of ¢. At
tangent point blue line and red line share tangent plane (Af = 1Ag) and normal
vector( Vf = AVg). Normal vector is expressing gradient of hyperplane and the other
name of the normal vector is gradient vector of the plane.

Gradient of function f(*¥1 ** Xp) can be obtained by partial differentiation.
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For sharing normal vector

Vf = AVg
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Denoting L(x,4) = f(x) — 1g(x)
General description of method of Lagrange multiplier is as follow.

oL(x, 1)
)
aL(x, 1) _ | aL(;c,A) |
ox4) I 0xy I
\aL(x,){) /
oA

Here
L(x,4) = f(x) — Ag(x)

()

Formula 66

Example solutions
1. Obtain extreme value of x; + x, + x3, when x;%2 + x,2 + x3%2 =1

Extreme value of f(X1 X2 X3)=x; +x; + x5
Subject to g(*1 X2 X3)=x;2 4+ x,24+x32—1=0
X1
X3
L(x1 Xy X3 A) = X1 + Xy + X3 — A(xlz + x22 + X32 - 1)

OL(x; x, x3 A)
dx

OL(x; x, x3 A)=1—2/1x “o i
Jdxq !

oty x %5 M _ 1—2Ax, =0 ii
dx, 2

OL(x; x, x3 A
(X2 s )=1—2/1x3=0 iii
0x




OL(x;y x, x3 A
(*y 821 > )=—(x12+x22+x32—1)=0 iv

From 1, 11 and 111,

Xy =% ii

X3 =— iii’
Put ', ii’ and iii’ in iv
1 2 1 2 1 2
— — —) —1=0
&) + @) + )

3

42

Put this in 1’ i1’ and iii’



2. Obtain extreme value of x; + x, + x3, when x;2 4+ x,2 =1, and x,2 +x32 =1
Extreme value of f(X1 X2 X3)=x; +x, + x5
Subject to g;(*1 X2 X3)=x;2+x,2—1=0

gz(xl X2 x3):x22 + x32 —1=0

X1
X = <x2>
X3
L(x1 Xy X3 A]_ AZ) = X1 + Xy + X3 — /11(9612 + x22 - 1) - /12(3622 + X32 - 1)

OL(xy x; x3 A1 A3)
0x

OL(x; x; x3 A4 42)
Jdxq

=1_211x1=0 i

OL(x; x; x3 A& A3)

Jdx,
n %2 X% h By gpm0 i
%3 2X3
OL(x; x; x3 A1 42) .
o =x24x2-1=0 iv
OL(x;y x; x3 A1 A3)
o =x,24+x32—-1=0 v
From 1, 11 and 111,
_ 1 -
X, = o i
1
Xy = —7——< 11,
2(A +42)
1
X3 = — iii’
22,

g1(1 X2 X3)—g,(¥1 Xz X3) = (X2 + x5 - 1) — (P +x3° 1) =x2—x3*=0
X2 —x3% = (xg +x3) ¢y —x3) = 0
X1 = X3 OT X; = —X3
When x; = —x3, 1; = —4, and 4; + 1,=0.
(A4 + 4,) is dominator of ii'. So, we could not accept x; = —x3
X1 =%x3, A=—A,=1

Put thisin i’ and i1’
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Put i"” and ii”in iv.

1 1 5

2 2 _ - _ = —_—— = i
X%+ x, 4&2+16/12 1 1612 1=0 iv
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po i
Put this in 7', 11’ and 111’
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