V-3-4. OQptimization and pseudo—inverse matrix

In multiple regression analysis, we estimate optimal coefficient of variables to explain
explained variables from data sets. When we express explained variable as y and
explanatory variables as x, example of data set is as follow.

Y1, X11,X21 " Xp1

Y2,X12,X22 *** Xp2

Y3,X11,X23 *** Xp3

Ym X1my Xom " Xpm
We are expecting to write the relation as follow.
V1 =d1Xxqq +dyxy + oo+ apXp1
Vo = d1Xqp +dpXyy + -0+ ApXp2

Y3 = d1X13 + drX53 + -+ apxp3

ym = alxlm + aZme + -+ apxpm
However, it is generally impossible because explained variable data includes impacts of

unknown variables, so we have to add error term as follow.

V1 = di1X11 + drX5q + -+ apxpl + €1
Vo = d1X12 + drX5o + -+ apxpz + €,

V3 = d1X13 + drX53 + -+ apxp3 + €3

Vm = A1 X1m + daXopmy + -+ + ApXpm +en
Multiple regression analysis is optimization of error term. There several ideas of the
optimization, Least square method is one of them. The idea of least square method is
minimizing of error term.

When we express the relation using matrix.

E=Y—-XA
€1 Y1 X11 X1 - Xp1 a,
E= 6:2 Y= y:z X= X:12 X?z xZ:JZ ’ A= a:Z
€m Ym X1m Xom 77 Xpm ap

we consider minimizing of magnitude of £. In this case, magnitude of £is not the sum
of error term )", e;. The magnitude of vector and matrix is norm.
The definition of norm is as follow

X=(x,x5, %) 1<g< 0



‘i/lxllq + |xz|9 + -+ + |x,|? 1s L7 norm and is expressed as [|X]],

X1l = foea] + |2z | + ==+ [

XNz = VIx1]2 + [z ]2 + - + [y |2

L?norm is Euclid distance. Least square method is minimization of L? norm.

IEll, = Vlell? + lez]? + -+ + |eml?
= \/elz + 322 + -+ emZ
||E||22 = 912 + 922 + -t emz

€1
€

= (61, €y, . em)
em

E" = (elleZI ""em)

E=Y—-XA
ET = (Y — XA)T
IEll,” = (¥ = XA)T (Y — XA)
=YTY —ATXTY —YTXA + XTATXA
=YTY —2YTXA+ XTATXA

|E ||22is positive definite and we can obtain minimum value by following differential.

OlIEN" _
E
llEN,> oYY —2Y"XA + XTATXA)
A 0A
_a(YTY) ) a(YTxA) s d(XTATXA) o
04 0A 0A B
oY) .
0A
oY"XA) .
—oa Y'X
d(XTATXA) .
—— g =2X"XA
AIlE|l,”

=-2YTX+2X"XA=0

0A
Y'X = XTXA
A=XTX)"1YTx
A= XTX)"1XTy

We consider (X"X)71XT is a matrix



(XTX)"1XT = x*
In case of ¥ = XA, We can obtain A by multiplying X~ from left
Xly=Xx1x4=4
Similarly, we can obtain A by multiplying X*
X'y =A
Xt = (XTx)"1xT
Formula 71
X'X=X"X)1(X"X) =1

The function of X* is analogous to inverse matrix, so we call this matrix pseudo-inverse
matrix. Generalized inverse matrix is the other name of this matrix. However, X* gives
least squares solution, when X is non-regular matrix. When X is regular matrix, X* =

X1 and X* gives solution of simultaneous equation.

For an exercise, we us this method for simple linear regression

y=ax+b
Y=XA
Y1 X101
Y2 X 1 _(a
v=\%)x={7 1) a=()
yn xn 1
T _ (X1 X2 Xn
xT=(7 7
n
0 (2 o)
Ty _ (X1 X2 Xn i=1 =1
xx=(7 7 1) SRR |
Xp 1 \Zx, n/
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a 1is regression coefficient



