
VI-1-2. Multicollinearity and partial correlation analysis. 

VI-1-2-1. What is partial correlation analysis 

 

Multicollinearity complicate interpretation of multiple linear regression. There are two 

types of mechanism of multicollinearity. One is overlapping of similar explanatory 

variables. The other mechanism is spurious correlation. Including both body height and 

sitting height in explanatory variables without any relativizing is overlapping, because 

sitting height is an element of body height. As shown in example in paragraph VI-1-1, 

we can observe correlation between sprint speed and body weight. However, we cannot 

conclude that heavy people move quickly from this fact. This is a typical spurious 

correlation. Sprint speed is strongly related with body size and body weight is strongly 

correlated with body size, particularly when the dataset is obtained from the population 

which includes all ages including children and adults. When we implement an 

experiment to detect the relation between sprint speed and body weight getting samples 

from a population in which all subject have same body height, we can observe inverse 

correlation. Multicollinearity is made by combination of overlapping and spurious 

correlation. Countermeasure to multicollinearity differs depending on strength of 

spurious correlation. When multicollinearity happens only overlapping of explanatory 

variables, we can solve multicollinearity by selection a variable from variables which 

have multicollinearity. When we kick out a variable from explanatory variables in the 

case when spurious correlation is large, we may miss a chance to get new findings, 

because, possibly, there exists important inverse correlation among variables. Generally, 

in the field of natural science, it is not so difficult to find spurious correlation, because 

causal connection is relatively simple. However, causal connection is complicated in the 

field of social science and psychology. We need method to detect spurious correlation 

statistically. Partial correlation analysis is method to detect spurious correlation. 

 

VI-1-2-2. Mechanism of spurious correlation   

 

Real world is composed from networks of relation. Actual mechanism of spurious 

correlation is more complicated, though most simple relation among three variables can 

be expressed as figure 65. Vector OWሬሬሬሬሬሬሬ⃗  and OFሬሬሬሬሬ⃗  is exist on W-O-F plane. Vector OMሬሬሬሬሬሬ⃗  is 

orthogonal to the plane. Angle between vector OWሬሬሬሬሬሬሬ⃗  and OFሬሬሬሬሬ⃗  is 𝜃. When we incline OWሬሬሬሬሬሬሬ⃗  

and OFሬሬሬሬሬ⃗  to OMሬሬሬሬሬሬ⃗  on M-W-O plane and M-F-O plane, we get Vector OW′ሬሬሬሬሬሬሬሬ⃗  and OF′ሬሬሬሬሬሬ⃗ .   



                

Fig. 65. Geometrical illustration of spurious correlation 

 

The angle between vector OW′ሬሬሬሬሬሬሬሬ⃗  and OF′ሬሬሬሬሬሬ⃗  is θ′. Angle θ′ is smaller than angle θ.  

𝑟ௐி = cos 𝜃 

𝑟ௐᇱிᇱ = cos 𝜃′ 

θ > 𝜃′ 

cos 𝜃 < cos 𝜃′ 

−1 ≤ 𝑟ௐி < 𝑟ௐᇱிᇱ ≤ 1 

 

When the space is n-dimension, the vector expressed as follows 
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𝑚ଵ

⋮
𝑚௡

൱  ,     𝑾 = ൭

𝑤ଵ

⋮
𝑤௡

൱  ,   𝑭 = ൭
𝑓ଵ

⋮
𝑓௡

൱ , 

Assuming correlation among variables, predict value of 𝑚పෞ is expressed as follow. 

𝑚పෞ = 𝑎ଵ𝑤௜ + 𝑎ଶ𝑓௜ 

𝑚௜ = 𝑚పෞ + 𝑒ଵ 

From this we can express predict vector of 𝑴෡  as linear combination of vector 𝑾and 𝑭.  

𝑴෡ = 𝑎ଵ𝑾 + 𝑎ଶ 𝑭 

𝑴 = 𝑴෡ + 𝑬 = 𝑎ଵ𝑾 + 𝑎ଶ 𝑭 + 𝑬 

We consider  

𝑴: data of body size such as body height expressed by deviation from average.  

𝑾: data of body weight expressed by deviation from average. 

𝑭: data of sprint speed expressed by deviation from average.  

 



When we get data from people whose body height is the same, 𝑴 =0, and data 

distribute on W-O-F plane. So, the correlation coefficient is 𝑟ௐி = cos 𝜃. When we get 

data from population whose body height is not control, the population include various 

body height, and 𝑴 ≠ 0, the allow head of vector 𝑾 and 𝑭 move to  𝐖′ and 𝐅′, and 

predictive vector 𝑴෡  is linear combination of vector  𝐖ᇱand 𝐅, and 𝑴෡  exist on W’-O-F’ 

plane.  

As in figure 65,  

𝜃 > 𝜃ᇱ 

cos 𝜃 < cos 𝜃′ 

−1 ≤ 𝑟ௐி < 𝑟ௐᇱிᇱ ≤ 1 

This is the mechanism of spurious correlation. 

,  

VI-1-2-3. Operation of partial correlation analysis 

 

At first, we consider the case there are only three variables 

𝒙 = ൫𝑥ଵ,⋯𝑥௡൯ 

𝒚 = ൫𝑦ଵ,⋯𝑦௡൯ 

𝒛 = ൫𝑧ଵ,⋯𝑧௡൯ 

𝑥௜ = 𝑑௫௜ − 𝑑௫
തതത 

𝑦௜ = 𝑑௬௜ − 𝑑௬
തതത 

𝑧௜ = 𝑑௭௜ − 𝑑௭
തതത 

𝑑௫௜: 𝑖th data of variable 𝑥, 𝑑௫
തതത: average of variable 𝑥. 𝑑௫
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௡
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௡
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𝑑௬௜: 𝑖th data of variable y, 𝑑௬
തതത: average of variable 𝑦. 𝑑௬
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ଵ

௡
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௡
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𝑑௭௜: 𝑖th data of variable 𝑧, 𝑑௭
തതത: average of variable 𝑧. 𝑑௭

തതത =
ଵ

௡
∑ 𝑑௭௜

௡
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We can make variance covariance matrix and correlation matrix 
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ଶ − 𝑆𝑆௭௭𝑆𝑆௫௬
ଶ − 𝑆𝑆௫௫𝑆𝑆௬௭

ଶ

𝑆𝑆௫௫𝑆𝑆௬௬𝑆𝑆௭௭
 

 

𝑹ି𝟏 =
1

|𝑹|
𝑹෩ =

1

|𝑹|
ቌ

1 − 𝑟௬௭
ଶ 𝑟௬௭𝑟௭௫ − 𝑟௫௬ 𝑟௫௬𝑟௬௭ − 𝑟௭௫

𝑟௬௭𝑟௭௫ − 𝑟௫௬ 1 − 𝑟௭௫
ଶ 𝑟௫௬𝑟௭௫ − 𝑟௬௭

𝑟௫௬𝑟௬௭ − 𝑟௫௭ 𝑟௫௬𝑟௭௫ − 𝑟௬௭ 1 − 𝑟௫௬
ଶ

ቍ = ൭
𝑟௫௫ 𝑟௫௬ 𝑟௫௭

𝑟௬௫ 𝑟௬௬ 𝑟௬௭

𝑟௭௫ 𝑟௬௭ 𝑟௭௭
൱ 

=
1

|𝑹|

⎝

⎜
⎜
⎜
⎜
⎛

1 −
𝑆𝑆௬௭

ଶ

𝑆𝑆௬௬𝑆𝑆௭௭

𝑆𝑆௬௭𝑆𝑆௭௫ − 𝑆𝑆௫௬𝑆𝑆௭௭

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௫௫𝑆𝑆௭௭

𝑆𝑆௫௬𝑆𝑆௬௭ − 𝑆𝑆௫௭𝑆𝑆௬௬

ඥ𝑆𝑆௫௫ඥ𝑆𝑆௭௭𝑆𝑆௬௬

𝑆𝑆௬௭𝑆𝑆௭௫ − 𝑆𝑆௫௬𝑆𝑆௭௭

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௫௫𝑆𝑆௭௭

1 −
𝑆𝑆௭௫

ଶ

𝑆𝑆௭௭𝑆𝑆௫௫

𝑆𝑆௫௬𝑆𝑆௭௫ − 𝑆𝑆௬௭𝑆𝑆௫௫

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௭௭𝑆𝑆௫௫

𝑆𝑆௫௬𝑆𝑆௬௭ − 𝑆𝑆௫௭𝑆𝑆௬௬

ඥ𝑆𝑆௫௫ඥ𝑆𝑆௭௭𝑆𝑆௬௬

𝑆𝑆௫௬𝑆𝑆௭௫ − 𝑆𝑆௬௭𝑆𝑆௫௫

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௭௭𝑆𝑆௫௫

1 −
𝑆𝑆௫௬

ଶ

𝑆𝑆௫௫𝑆𝑆௬௬ ⎠

⎟
⎟
⎟
⎟
⎞

 

=
1

|𝑹|

⎝

⎜
⎜
⎜
⎜
⎛

𝑆𝑆௬௬𝑆𝑆௭௭ − 𝑆𝑆௬௭
ଶ

𝑆𝑆௬௬𝑆𝑆௭௭

𝑆𝑆௬௭𝑆𝑆௭௫ − 𝑆𝑆௫௬𝑆𝑆௭௭

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௫௫𝑆𝑆௭௭

𝑆𝑆௫௬𝑆𝑆௬௭ − 𝑆𝑆௫௭𝑆𝑆௬௬

ඥ𝑆𝑆௫௫ඥ𝑆𝑆௭௭𝑆𝑆௬௬

𝑆𝑆௬௭𝑆𝑆௭௫ − 𝑆𝑆௫௬𝑆𝑆௭௭

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௫௫𝑆𝑆௭௭

𝑆𝑆௭௭𝑆𝑆௫௫−𝑆𝑆௭௫
ଶ

𝑆𝑆௭௭𝑆𝑆௫௫

𝑆𝑆௫௬𝑆𝑆௭௫ − 𝑆𝑆௬௭𝑆𝑆௫௫

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௭௭𝑆𝑆௫௫

𝑆𝑆௫௬𝑆𝑆௬௭ − 𝑆𝑆௫௭𝑆𝑆௬௬

ඥ𝑆𝑆௫௫ඥ𝑆𝑆௭௭𝑆𝑆௬௬

𝑆𝑆௫௬𝑆𝑆௭௫ − 𝑆𝑆௬௭𝑆𝑆௫௫

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௭௭𝑆𝑆௫௫

𝑆𝑆௫௫𝑆𝑆௬௬ − 𝑆𝑆௫௬
ଶ

𝑆𝑆௫௫𝑆𝑆௬௬ ⎠

⎟
⎟
⎟
⎟
⎞

 

 

Meaning of simple linear regression is explanation of a variable by another explanatory 

variable. The solution of simple linear regression is expressed as follow 

𝑥 = α௫/௭𝑧 + 𝑒 =
𝑆𝑆௭௫

𝑆𝑆௭௭
𝑧 + 𝑒 

𝑦 = α௬/௭𝑧 + 𝑒 =
𝑆𝑆௬௭

𝑆𝑆௭௭
𝑧 + 𝑒 

α௫/௭: regression coefficient in smple linear regression between 𝑥 and 𝑧, α௫/௭ =
𝑆𝑆௭௫

𝑆𝑆௭௭
 



α௫/௬: regression coefficient in smple linear regression between 𝑦 and 𝑧, α௫/௭ =
𝑆𝑆௭௫

𝑆𝑆௭௭
 

In the case when we consider variables more then 4, (𝑥ଵ ⋯ 𝑥௣), 𝑝 ≥ 4 

𝑥ଵ = α௫భ/௫య
𝑥ଷ + ⋯ + α௫భ/௫೛

𝑥௣ + 𝑒 

𝑥ଶ = α௫మ/௫య
𝑥ଷ + ⋯ + α௫మ/௫೛

𝑥௣ + 𝑒 

⋮ 

In these equations, we consider that 𝑒 is residual which cannot be explained by other 

variables other than 𝑥ଵ and 𝑥ଶ. However, it can be considered from the other side that 

𝑒 is independent part of objective variable (left side term: 𝑥, 𝑦,  𝑥ଵ,  𝑥ଶ). This part only 

depends on  𝑥, 𝑦,  𝑥ଵ, 𝑎𝑛𝑑 𝑥ଶ. When we express independent part of 𝑥 as 𝑥ු 

 When 𝑝 = 3 

𝑥ු = 𝑒 = 𝑥 − α௫/௭𝑧 = 𝑥 −
𝑆𝑆௭௫

𝑆𝑆௭௭
𝑧 

yු = e = 𝑦 − α௬/௭𝑧 = 𝑦 −
𝑆𝑆௬௭

𝑆𝑆௭௭
𝑧 

 When 𝑝 ≥ 4 

𝑥ଵූ = 𝑥ଵ − ቀα௫భ/௫య
𝑥ଷ + ⋯ + α௫భ/௫೛

𝑥௣ቁ = 𝑥ଵ − ቆ
𝑆𝑆ଵଷ

𝑆𝑆ଷଷ
𝑥ଷ + ⋯ +

𝑆𝑆ଵଷ

𝑆𝑆௣௣
𝑥௣ቇ 

𝑥ଶූ = 𝑥ଶ − ቀ+α௫మ/௫య
𝑥ଷ + ⋯ + α௫మ/௫೛

𝑥௣ቁ = 𝑥ଶ − ቆ
𝑆𝑆ଶଷ

𝑆𝑆ଷଷ
𝑥ଷ + ⋯ +

𝑆𝑆ଶ௣

𝑆𝑆௣௣
𝑥௣ቇ 

Firstly, we consider case of 𝑝 = 3 

𝑥ු = 𝑥 − α௫/௭𝑧 = 𝑥 −
𝑆𝑆௭௫

𝑆𝑆௭௭
𝑧 

yු = 𝑦 − α௬/௭𝑧 = 𝑦 −
𝑆𝑆௬௭

𝑆𝑆௭௭
𝑧 

α௫/௭: regression coeffcient of z in simple linear regression between 𝑥 𝑎𝑛𝑑 𝑧. 

α௬/௭: regression coeffcient of z in simple linear regression between 𝑦 𝑎𝑛𝑑 𝑧. 

We denote partial correlation coefficient between 𝑥 and 𝑦 as r௫௬/௥௘௦௧. 

The meaning of partial correlation coefficient is correlation coefficient after removing 

influence of the other variables. In the case when there are three variables, 𝑥, 𝑦 and 𝑧,   

r௫௬|௥௘௦௧ = r௫௬|௭ 

This is simple correlation between  𝑥ු and 𝑦ු 

r௫௬|௭ = 𝑟௫ු௬ු =
𝑆𝑆௫ු௬ු

ඥ𝑆𝑆௫ු௫ුට𝑆𝑆௬ු௬ු  ̇

 

This is the solution when there three variables. In actual operation, we should calculate 



𝑆𝑆௫ු௬ු = ෍ ൬𝑥௞ −
𝑆𝑆௭௫

𝑆𝑆௭௭
𝑧௞൰

௡

௞ୀଵ

൬𝑦௞ −
𝑆𝑆௬௭

𝑆𝑆௭௭
𝑧௞൰ 

𝑆𝑆௫ු௫ු = ෍ ൬𝑥௞ −
𝑆𝑆௭௫

𝑆𝑆௭௭
𝑧௞൰

ଶ௡

௞ୀଵ

 

𝑆𝑆௬ු௬ු = ෍ ൬𝑦௞ −
𝑆𝑆௭௬

𝑆𝑆௭௭
𝑧௞൰

ଶ௡

௞ୀଵ

 

Calculation 

𝑆𝑆௫ු௬ු = ෍ ൬𝑥௞ −
𝑆𝑆௭௫

𝑆𝑆௭௭
𝑧௞൰

௡

௞ୀଵ

൬𝑦௞ −
𝑆𝑆௬௭

𝑆𝑆௭௭
𝑧௞൰ 

= ෍ 𝑥௞𝑦௞ − ෍
𝑆𝑆௭௫

𝑆𝑆௭௭
𝑦௞𝑧௞ − ෍

𝑆𝑆௬௭

𝑆𝑆௭௭
𝑥௞𝑧௞

௡

௞ୀଵ

௡

௞ୀଵ

௡

௞ୀଵ

+ ෍
𝑆𝑆௭௫𝑆𝑆௬௭

𝑆𝑆௭௭
ଶ 𝑧௞

ଶ

௡

௞ୀଵ

 

= 𝑆𝑆௫௬ +
𝑆𝑆௭௫𝑆𝑆௬௭

𝑆𝑆௭௭
−

𝑆𝑆௭௫𝑆𝑆௬௭

𝑆𝑆௭௭
−

𝑆𝑆௫௭𝑆𝑆௬௭

𝑆𝑆௭௭
 

= 𝑆𝑆௫௬ −
𝑆𝑆௫௭𝑆𝑆௬௭

𝑆𝑆௭௭
 

𝑆𝑆௫ු௫ු = ෍ ൬𝑥௞ −
𝑆𝑆௭௫

𝑆𝑆௭௭
𝑧௞൰

ଶ௡

௞ୀଵ

 

= ෍ 𝑥௞
ଶ − 2 ෍

𝑆𝑆௭௫

𝑆𝑆௭௭
𝑧௞𝑥௞

௡

௞ୀଵ

௡

௞ୀଵ

+ ෍
𝑆𝑆௭௫

ଶ

𝑆𝑆௭௭
ଶ

௡

௞ୀଵ

𝑧௞
ଶ 

= 𝑆𝑆௫௫ − 2
𝑆𝑆௭௫

ଶ

𝑆𝑆௭௭
+

𝑆𝑆௭௫
ଶ

𝑆𝑆௭௭
 

= 𝑆𝑆௫௫ −
𝑆𝑆௭௫

ଶ

𝑆𝑆௭௭
 

Similarly, 

𝑆𝑆௬ු௬ු = 𝑆𝑆௬௬ −
𝑆𝑆௬௭

ଶ

𝑆𝑆௭௭
 

Then 

r௫௬|௭ = 𝑟௫ු௬ු =
𝑆𝑆௫௬ −

𝑆𝑆௫௭𝑆𝑆௬௭

𝑆𝑆௭௭

ඨ𝑆𝑆௫௫ −
𝑆𝑆௭௫

ଶ

𝑆𝑆௭௭

ඨ𝑆𝑆௬௬ −
𝑆𝑆௬௭

ଶ

𝑆𝑆௭௭

 

=
𝑆𝑆௫௬𝑆𝑆௭௭ − 𝑆𝑆௫௭𝑆𝑆௬௭

ට𝑆𝑆௫௫𝑆𝑆௭௭ − 𝑆𝑆௭௫
ଶට𝑆𝑆௬௬𝑆𝑆௭௭ − 𝑆𝑆௬௭

ଶ

 

This is the solution of partial correlation of three variables. However, we can express 

the solution more simply using our notation system in this text. 



Inverse matrix of correlation matrix  

𝑹ି𝟏 =
1

|𝑹|

⎝

⎜
⎜
⎜
⎜
⎛

𝑆𝑆௬௬𝑆𝑆௭௭ − 𝑆𝑆௬௭
ଶ

𝑆𝑆௬௬𝑆𝑆௭௭

𝑆𝑆௬௭𝑆𝑆௭௫ − 𝑆𝑆௫௬𝑆𝑆௭௭

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௫௫𝑆𝑆௭௭

𝑆𝑆௫௬𝑆𝑆௬௭ − 𝑆𝑆௫௭𝑆𝑆௬௬

ඥ𝑆𝑆௫௫ඥ𝑆𝑆௭௭𝑆𝑆௬௬

𝑆𝑆௬௭𝑆𝑆௭௫ − 𝑆𝑆௫௬𝑆𝑆௭௭

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௫௫𝑆𝑆௭௭

𝑆𝑆௭௭𝑆𝑆௫௫−𝑆𝑆௭௫
ଶ

𝑆𝑆௭௭𝑆𝑆௫௫

𝑆𝑆௫௬𝑆𝑆௭௫ − 𝑆𝑆௬௭𝑆𝑆௫௫

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௭௭𝑆𝑆௫௫

𝑆𝑆௫௬𝑆𝑆௬௭ − 𝑆𝑆௫௭𝑆𝑆௬௬

ඥ𝑆𝑆௫௫ඥ𝑆𝑆௭௭𝑆𝑆௬௬

𝑆𝑆௫௬𝑆𝑆௭௫ − 𝑆𝑆௬௭𝑆𝑆௫௫

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௭௭𝑆𝑆௫௫

𝑆𝑆௫௫𝑆𝑆௬௬ − 𝑆𝑆௫௬
ଶ

𝑆𝑆௫௫𝑆𝑆௬௬ ⎠

⎟
⎟
⎟
⎟
⎞

 

= ൭
𝑟௫௫ 𝑟௫௬ 𝑟௫௭

𝑟௬௫ 𝑟௬௬ 𝑟௬௭

𝑟௭௫ 𝑟௬௭ 𝑟௭௭
൱ 

r௫௬/௭ =
𝑆𝑆௫௬𝑆𝑆௭௭ − 𝑆𝑆௫௭𝑆𝑆௬௭

ට𝑆𝑆௫௫𝑆𝑆௭௭ − 𝑆𝑆௭௫
ଶට𝑆𝑆௬௬𝑆𝑆௭௭ − 𝑆𝑆௬௭

ଶ

 

=
−൫𝑆𝑆௬௭𝑆𝑆௭௫ − 𝑆𝑆௫௬𝑆𝑆௭௭൯

ට𝑆𝑆௫௫𝑆𝑆௭௭ − 𝑆𝑆௭௫
ଶට𝑆𝑆௬௬𝑆𝑆௭௭ − 𝑆𝑆௬௭

ଶ

 

=
−൫𝑆𝑆௬௭𝑆𝑆௭௫ − 𝑆𝑆௫௬𝑆𝑆௭௭൯

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௫௫𝑆𝑆௭௭

∙
ඥ𝑆𝑆௭௭𝑆𝑆௫௫

ට𝑆𝑆௫௫𝑆𝑆௭௭ − 𝑆𝑆௭௫
ଶ

∙
ඥ𝑆𝑆௬௬𝑆𝑆௭௭

ට𝑆𝑆௬௬𝑆𝑆௭௭ − 𝑆𝑆௬௭
ଶ

 

=
−൫𝑆𝑆௬௭𝑆𝑆௭௫ − 𝑆𝑆௫௬𝑆𝑆௭௭൯

ඥ𝑆𝑆௬௬ඥ𝑆𝑆௫௫𝑆𝑆௭௭

∙ ඨ
𝑆𝑆௭௭𝑆𝑆௫௫

𝑆𝑆௫௫𝑆𝑆௭௭ − 𝑆𝑆௭௫
ଶ ∙ ඨ

𝑆𝑆௬௬𝑆𝑆௭௭

𝑆𝑆௬௬𝑆𝑆௭௭ − 𝑆𝑆௬௭
ଶ 

= −𝑟௫௬ ∙ ඨ
1

𝑟௬௬
ඨ

1

𝑟௫௫
 

=
−𝑟௫௬

√𝑟௫௫√𝑟௬௬
 

Formula 74 

We consider the solution in the case when p ≥ 4 

Logically, the solution is as follow.  

r௜௝/௥௘௦௧ = 𝑟௫ഢ෕ ௫ണූ
=

𝑆𝑆௫ഢ෕ ௫ണූ

ඥ𝑆𝑆௫ഢ෕ ௫ഢ෕ ට𝑆𝑆 ௫̇ണූ௫ണූ

 

𝑥ଵූ = 𝑥ଵ − ቆ
𝑆𝑆ଵଷ

𝑆𝑆ଷଷ
𝑥ଷ + ⋯ +

𝑆𝑆ଵ௣

𝑆𝑆௣௣
𝑥௣ቇ 

𝑥ଶූ = 𝑥ଶ − ቆ
𝑆𝑆ଶଷ

𝑆𝑆ଷଷ
𝑥ଷ + ⋯ +

𝑆𝑆ଶ௣

𝑆𝑆௣௣
𝑥௣ቇ 



 

𝑆𝑆௫భූ௫మූ
= ෍ ൮𝑥ଵ௞ − ቌ෍

𝑆𝑆ଵ௟

𝑆𝑆௟௟
𝑥௟௞

௣

௟ୀଷ

ቍ൲ ൮𝑥ଶ௞ − ቌ෍
𝑆𝑆ଶ௟

𝑆𝑆௟௟
𝑥௟௞

௣

௟ୀଷ

ቍ൲

௡

௞ୀଵ

 

𝑆𝑆௫భූ௫భූ
= ෍ ൮𝑥ଵ௞ − ቌ෍

𝑆𝑆ଵ௟

𝑆𝑆௟௟
𝑥௟௞

௣

௟ୀଷ

ቍ൲

ଶ
௡

௞ୀଵ

 

𝑆𝑆௫మූ௫మූ
= ෍ ൮𝑥ଶ௞ − ቌ෍

𝑆𝑆ଶ௟

𝑆𝑆௟௟
𝑥௟௞

௣

௟ୀଷ

ቍ൲

ଶ
௡

௞ୀଵ

 

r௫భ௫మ|௥௘௦௧ = 𝑟௫భූ௫మූ
=

𝑆𝑆௫ഢ෕ ௫ണූ

ඥ𝑆𝑆௫ഢ෕ ௫ഢ෕ ට𝑆𝑆 ௫̇ണූ௫ണූ

 

We can arrange the variance and covariance matrix to set target variables to come to 

first and second row of the matrix without change of sign, because we have to change 

column with change of row.  

So, we can express the solution as follow.    

r௫೔௫ೕ|௥௘௦ ==
𝑆𝑆௫ഢ෕ ௫ണූ

ඥ𝑆𝑆௫ഢ෕ ௫ഢ෕ ට𝑆𝑆 ௫̇ണූ௫ണූ

 

This s a form of solution. However, calculation of partial correlation using this formula, 

it is too complicated. We need more simple expression of the solution for in practical 

sense. 

 

One possible approach is step by step approach, 

When there are for variables 𝑥, 𝑦, 𝑧, 𝑤, and we need partial correlation between 𝑥 

and 𝑦, we remove 𝑧 and 𝑤 step by step.  

At first, we calculate correlation matrix. 

 

𝑹𝒙𝒚𝒛𝒘 =

⎝

⎛

1 𝑟௫௬

𝑟௬௫ 1

𝑟௫௭ 𝑟௫௪

𝑟௬௭ 𝑟௬௪

𝑟௭௫ 𝑟௭௬

𝑟௪௫ 𝑟௪௬

1 𝑟௭௪

𝑟௪௭ 1 ⎠

⎞ 



𝑹𝒙𝒚𝒛𝒘
ି𝟏 =

1

|𝑹|

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛ ቮ

1 𝑟௬௭ 𝑟௬௪

𝑟௭௬ 1 𝑟௭௪

𝑟௪௬ 𝑟௪௭ 1
ቮ − อ

𝑟௬௫ 𝑟௬௭ 𝑟௬௪

𝑟௭௫ 1 𝑟௭௪

𝑟௪௫ 𝑟௪௭ 1
อ

− ቮ

𝑟௫௬ 𝑟௫௭ 𝑟௫௪

𝑟௭௬ 1 𝑟௭௪

𝑟௪௬ 𝑟௪௭ 1
ቮ อ

1 𝑟௫௭ 𝑟௫௪

𝑟௭௫ 1 𝑟௭௪

𝑟௪௫ 𝑟௪௭ 1
อ

ቮ

𝑟௬௫ 1 𝑟௬௪

𝑟௭௫ 𝑟௭௬ 𝑟௭௪

𝑟௪௫ 𝑟௪௬ 1
ቮ − ቮ

𝑟௬௫ 1 𝑟௬௭

𝑟௭௫ 𝑟௭௬ 1
𝑟௪௫ 𝑟௪௬ 𝑟௪௭

ቮ

− ቮ

1 𝑟௫௬ 𝑟௫௪

𝑟௭௫ 𝑟௭௬ 𝑟௭௪

𝑟௪௫ 𝑟௪௬ 1
ቮ ቮ

1 𝑟௫௬ 𝑟௫௭

𝑟௭௫ 𝑟௭௬ 1
𝑟௪௫ 𝑟௪௬ 𝑟௪௭

ቮ

ቮ

𝑟௫௬ 𝑟௫௭ 𝑟௫௪

1 𝑟௬௭ 𝑟௬௪

𝑟௪௬ 𝑟௪௭ 1
ቮ − ቮ

1 𝑟௫௭ 𝑟௫௪

𝑟௬௫ 𝑟௬௭ 𝑟௬௪

𝑟௪௫ 𝑟௪௭ 1
ቮ

− ቮ

𝑟௫௬ 𝑟௫௭ 𝑟௫௪

1 𝑟௬௭ 𝑟௬௪

𝑟௭௬ 1 𝑟௭௪

ቮ ቮ

1 𝑟௫௭ 𝑟௫௪

𝑟௬௫ 𝑟௬௭ 𝑟௬௪

𝑟௭௫ 1 𝑟௭௪

ቮ

ቮ

1 𝑟௫௬ 𝑟௫௪

𝑟௬௫ 1 𝑟௬௪

𝑟௪௫ 𝑟௪௬ 1
ቮ − ቮ

1 𝑟௫௬ 𝑟௫௭

𝑟௬௫ 1 𝑟௬௭

𝑟௪௫ 𝑟௪௬ 𝑟௪௭

ቮ

− ቮ

1 𝑟௫௬ 𝑟௫௪

𝑟௬௫ 1 𝑟௬௪

𝑟௭௫ 𝑟௪௬ 𝑟௭௪

ቮ ቮ

1 𝑟௫௬ 𝑟௫௭

𝑟௬௫ 1 𝑟௬௭

𝑟௭௫ 𝑟௪௬ 1
ቮ

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

 

= ቌ

𝑟௫௫ 𝑟௫௬

𝑟௬௫ 𝑟௬௬
𝑟௫௭ 𝑟௫௪

𝑟௬௭ 𝑟௬௪

𝑟௭௫ 𝑟௭௬

𝑟௪௫ 𝑟௪௬
𝑟௭௭ 𝑟௭௪

𝑟௪௭ 𝑟௪௪

ቍ 

𝑟௫௫ =
1

|𝑹|
อ

1 𝑟𝑦𝑧 𝑟𝑦𝑤

𝑟𝑧𝑦 1 𝑟𝑧𝑤

𝑟𝑤𝑦 𝑟𝑤𝑧 1

อ =
1

|𝑹|
൫1 + 2𝑟𝑦𝑧𝑟𝑧𝑤𝑟𝑤𝑦 − 𝑟𝑦𝑧

2 − 𝑟𝑦𝑤
2 − 𝑟𝑧𝑤൯ 

𝑟௬௬ =
1

|𝑹|
อ

1 𝑟𝑥𝑧 𝑟𝑥𝑤

𝑟𝑧𝑥 1 𝑟𝑧𝑤

𝑟𝑤𝑥 𝑟𝑤𝑧 1

อ =
1

|𝑹|
(1 + 2𝑟𝑥𝑧𝑟𝑧𝑤𝑟𝑤𝑥 − 𝑟𝑥𝑧

2 − 𝑟𝑥𝑤
2 + 𝑟𝑧𝑤

2) 

𝑟௫௬ = −
1

|𝑹|
ቤ

𝑟𝑦𝑥 𝑟𝑦𝑧 𝑟𝑦𝑤

𝑟𝑧𝑥 1 𝑟𝑧𝑤

𝑟𝑤𝑥 𝑟𝑤𝑧 1

ቤ = −
1

|𝑹|
ቀ𝑟𝑦𝑥 + 𝑟𝑦𝑧𝑟𝑧𝑤𝑟𝑤𝑥 + 𝑟𝑦𝑤𝑟𝑧𝑥𝑟𝑤𝑧 − ൫𝑟𝑦𝑥𝑟𝑧𝑤

2 + 𝑟𝑦𝑧𝑟𝑧𝑥 + 𝑟𝑦𝑤𝑟𝑤𝑥൯ቁ 

∴
−𝑟௫௬

√𝑟௫௫√𝑟௬௬
=

𝑟𝑦𝑥 + 𝑟𝑦𝑧𝑟𝑧𝑤𝑟𝑤𝑥 + 𝑟𝑦𝑤𝑟𝑧𝑥𝑟𝑤𝑧 − ൫𝑟𝑦𝑥𝑟𝑧𝑤
2 + 𝑟𝑦𝑧𝑟𝑧𝑥 + 𝑟𝑦𝑤𝑟𝑤𝑥൯

ට൫1 + 2𝑟𝑦𝑧𝑟𝑧𝑤𝑟𝑤𝑦 − 𝑟𝑦𝑧
2 − 𝑟𝑦𝑤

2 − 𝑟𝑧𝑤൯(1 + 2𝑟𝑥𝑧𝑟𝑧𝑤𝑟𝑤𝑥 − 𝑟𝑥𝑧
2 − 𝑟𝑥𝑤

2 + 𝑟𝑧𝑤
2)

               (𝑖) 

 

We remove 𝑤.  

For 𝑟௫௬|௪ 

𝑹𝒙𝒚𝒘 = ቌ

1 𝑟௫௬ 𝑟௫௪

𝑟௬௫ 1 𝑟௬௪

𝑟௪௫ 𝑟௪௬ 1
ቍ 

(Pay attention,  ห𝑹𝒙𝒚𝒘ห = 𝑟௭௭) 

𝑹𝒙𝒚𝒘
ି𝟏 =

1

ห𝑹𝒙𝒚𝒘ห

⎝

⎜
⎜
⎜
⎛

ฬ
1 𝑟௬௪

𝑟௪௬ 1
ฬ − ฬ

𝑟௬௫ 𝑟௬௪

𝑟௪௫ 1
ฬ ฬ

𝑟௬௫ 1
𝑟௪௫ 𝑟௪௬

ฬ

− ฬ
𝑟௫௬ 𝑟௫௪

𝑟௪௬ 1 ฬ ฬ
1 𝑟௫௪

𝑟௪௫ 1
ฬ − ฬ

1 𝑟௫௬

𝑟௪௫ 𝑟௪௬
ฬ

ฬ
𝑟௫௬ 𝑟௫௪

1 𝑟௬௪
ฬ − ฬ

1 𝑟௫௪

𝑟௬௫ 𝑟௬௪
ฬ ฬ

1 𝑟௫௬

𝑟௬௫ 1
ฬ

⎠

⎟
⎟
⎟
⎞

 

= ቌ

𝑟௫௬|௪
௫௫ 𝑟௫௬|௪

௫௬ 𝑟௫௬|௪
௫௪

𝑟௫௬|௪
௬௫ 𝑟௫௬|௪

௬௬ 𝑟௫௬|௪
௬௪

𝑟௫௬|௪
௪௫ 𝑟௫௬|௪

௪௬ 𝑟௫௬|௪
௪௪

ቍ 



𝑟௫௬|௪ =
−𝑟௫௬|௪

௫௬

ඥ𝑟௫௬|௪
௫௫ඥ𝑟௫௬|௪

௬௬
=

ฬ
𝑟௬௫ 𝑟௬௪

𝑟௪௫ 1
ฬ

ඨฬ
1 𝑟௬௪

𝑟௪௬ 1
ฬ ඨฬ

1 𝑟௫௪

𝑟௪௫ 1
ฬ

 

=
𝑟௬௫ − 𝑟௬௪𝑟௪௫

ට൫1 − 𝑟௬௪
ଶ൯(1 − 𝑟௪௫

ଶ)

 

𝑟௫௬|௪ =
𝑟௬௫ − 𝑟௬௪𝑟௪௫

ට൫1 − 𝑟௬௪
ଶ൯(1 − 𝑟௪௫

ଶ)

                     (𝑖𝑖) 

  

 For  𝑟௫௭/௪ 

𝑹𝒙𝒛𝒘 = ൭

1 𝑟௫௭ 𝑟௫௪

𝑟௭௫ 1 𝑟௭௪

𝑟௪௫ 𝑟௪௭ 1
൱ 

(Pay attention,  |𝑹𝒙𝒛𝒘| = 𝑟௬௬) 

𝑹𝒙𝒛𝒘
ି𝟏 =

1

|𝑹𝒙𝒛𝒘|

⎝

⎜
⎜
⎛

ฬ
1 𝑟௭௪

𝑟௭௪ 1
ฬ − ቚ

𝑟௭௫ 𝑟௭௪

𝑟௪௫ 1 ቚ ฬ
𝑟௭௫ 1
𝑟௪௫ 𝑟௪௭

ฬ

− ቚ
𝑟௫௭ 𝑟௫௪

𝑟௪௭ 1 ቚ ฬ
1 𝑟௫௪

𝑟௪௫ 1
ฬ − ฬ

1 𝑟௫௭

𝑟௪௫ 𝑟௪௭
ฬ

ቚ
𝑟௫௭ 𝑟௫௪

1 𝑟௭௪
ቚ − ฬ

1 𝑟௫௪

𝑟௭௫ 𝑟௭௪
ฬ ฬ

1 𝑟௫௭

𝑟௭௫ 1
ฬ

⎠

⎟
⎟
⎞

 

= ቌ

𝑟௫௭|௪
௫௫ 𝑟௫௭|௪

௫௭ 𝑟௫௭|௪
௫௪

𝑟௫௭|௪
௭௫ 𝑟௫௭|௪

௭௭ 𝑟௫௭|௪
௭௪

𝑟௫௭|௪
௪௫ 𝑟௫௭|௪

௪௭ 𝑟௫௭|௪
௪௪

ቍ 

𝑟௫௭|௪ =
−𝑟௫௭|௪

௫௭

ඥ𝑟௫௭|௪
௫௫ඥ𝑟௫௭|௪

௭௭
=

ቚ
𝑟௭௫ 𝑟௭௪

𝑟௪௫ 1 ቚ

ඨฬ
1 𝑟௭௪

𝑟௪௭ 1
ฬ ඨฬ

1 𝑟௫௪

𝑟௪௫ 1
ฬ

 

=
𝑟௭௫ − 𝑟௭௪𝑟௪௫

ඥ(1 − 𝑟௭௪
ଶ)(1 − 𝑟௪௫

ଶ)
 

𝑟௫௭|௪ ==
𝑟௭௫ − 𝑟௭௪𝑟௪௫

ඥ(1 − 𝑟௭௪
ଶ)(1 − 𝑟௪௫

ଶ)
              (𝑖𝑖𝑖) 

 

For 𝑟௬௭/௪ 



𝑹𝒚𝒛𝒘 = ቌ

1 𝑟௬௭ 𝑟௬௪

𝑟௭௬ 1 𝑟௭௪

𝑟௪௬ 𝑟௪௭ 1
ቍ 

(Pay attention,  ห𝑹𝒚𝒛𝒘ห = 𝑟௬௬) 

𝑹𝒚𝒛𝒘
ି𝟏 =

1

ห𝑹𝒚𝒛𝒘ห

⎝

⎜
⎜
⎜
⎛

ฬ
1 𝑟௭௪

𝑟௪௭ 1
ฬ − ฬ

𝑟௭௬ 𝑟௭௪

𝑟௪௬ 1 ฬ ฬ
𝑟௭௬ 1
𝑟௪௬ 𝑟௪௭

ฬ

− ฬ
𝑟௬௭ 𝑟௬௪

𝑟௪௭ 1
ฬ ฬ

1 𝑟௬௪

𝑟௪௬ 1
ฬ − ฬ

1 𝑟௬௭

𝑟௪௬ 𝑟௪௭
ฬ

ฬ
𝑟௬௭ 𝑟௬௪

1 𝑟௭௪
ฬ − ฬ

1 𝑟௬௪

𝑟௭௬ 𝑟௭௪
ฬ ฬ

1 𝑟௬௭

𝑟௭௬ 1
ฬ

⎠

⎟
⎟
⎟
⎞

 

= ቌ

𝑟௬௭|௪
௬௬ 𝑟௬௭|௪

௬௭ 𝑟௬௭|௪
௬௪

𝑟௬௭|௪
௭௬ 𝑟௬௭|௪

௭௭ 𝑟௬௭|௪
௭௪

𝑟௬௭|௪
௪௬ 𝑟௬௭|௪

௪௭ 𝑟௬௭|௪
௪௪

ቍ 

𝑟௬௭|௪ =
−𝑟௬௭|௪

௬௭

ඥ𝑟௬௭|௪
௬௬ඥ𝑟௬௭|௪

௭௭
=

ฬ
𝑟௭௬ 𝑟௭௪

𝑟௪௬ 1 ฬ

ඨฬ
1 𝑟௭௪

𝑟௪௭ 1
ฬ ඨฬ

1 𝑟௬௪

𝑟௪௬ 1
ฬ

 

𝑟௬௭|௪ =
𝑟௭௬ − 𝑟௭௪𝑟௪௬

ට(1 − 𝑟௭௪
ଶ)൫1 − 𝑟௬௪

ଶ൯

                (𝑖𝑣) 

Then we make 3 x 3 correlation matrix among 𝑟௫௬/௪ , 𝑟௫௭/௪ and 𝑟௬௭/௪ 

𝑹𝒙෕𝒚෕𝒛ු = ቌ

1 𝑟௫௬/௪ 𝑟௫௭/௪

𝑟௫௬/௪ 1 𝑟௬௭/௪

𝑟௫௭/௪ 𝑟௬௭/௪ 1
ቍ 

𝑹𝒙෕𝒚෕𝒛ු
ି𝟏 =

1

ห𝑹𝒙෕𝒚෕𝒛ුห

⎝

⎜
⎜
⎜
⎛

ฬ
1 𝑟௬௭/௪

𝑟௬௭/௪ 1
ฬ − ฬ

𝑟௫௬/௪ 𝑟௬௭/௪

𝑟௫௭/௪ 1 ฬ ฬ
𝑟௫௬/௪ 1
𝑟௫௭/௪ 𝑟௬௭/௪

ฬ

− ฬ
𝑟௫௬/௪ 𝑟௫௭/௪

𝑟௬௭/௪ 1 ฬ ฬ
1 𝑟௫௭/௪

𝑟௫௭/௪ 1
ฬ − ฬ

1 𝑟௫௬/௪

𝑟௫௭/௪ 𝑟௬௭/௪
ฬ

ฬ
𝑟௫௬/௪ 𝑟௫௭/௪

1 𝑟௬௭/௪
ฬ − ฬ

1 𝑟௫௭/௪

𝑟௫௬/௪ 𝑟௬௭/௪
ฬ ฬ

1 𝑟௫௬/௪

𝑟௫௬/௪ 1
ฬ

⎠

⎟
⎟
⎟
⎞

 

= ቌ

𝑟௫௬௭/௪
௫௫ 𝑟௫௬௭/௪

௫௬ 𝑟௫௬௭/௪
௫௭

𝑟௫௬௭/௪
௬௫ 𝑟௫௬௭/௪

௬௬ 𝑟௫௬௭/௪
௬௭

𝑟௫௬௭/௪
௭௫ 𝑟௫௬௭/௪

௭௬ 𝑟௫௬௭/௪
௭௭

ቍ 

𝑟௫௬|௭௪ = 𝑟௫̿௬ധ =
−𝑟௫௬௭|௪

௫௬

ඥ𝑟௫௬௭|௪
௫௫ඥ𝑟௫௬௭|௪

௬௬
             (𝑣) 

For 𝑟௫௬௭|௪
௫௫ 



𝑟௫௬௭|௪
௫௫ =

ቤ
1 𝑟௬௭|௪

𝑟௥೤೥|ೢ
1 ቤ

ห𝑹𝒙෕𝒚෕𝒛ුห
=

1 − 𝑟௬௭|௪
ଶ

ห𝑹𝒙෕𝒚෕𝒛ුห
 

=
1

ห𝑹𝒙෕𝒚෕𝒛ුห
൭1 −

൫𝑟௭௬ − 𝑟௭௪𝑟௪௬൯
ଶ

(1 − 𝑟௭௪
ଶ)൫1 − 𝑟௬௪

ଶ൯
൱ 

=
1 − 𝑟௭௪

ଶ − 𝑟௬௪
ଶ + 𝑟௭௪

ଶ𝑟௬௪
ଶ − 𝑟௭௬

ଶ + 2𝑟௭௬𝑟௭௪𝑟௪௬ − 𝑟௭௪
ଶ𝑟௬௪

ଶ

ห𝑹𝒙෕𝒚෕𝒛ුห(1 − 𝑟௭௪
ଶ)൫1 − 𝑟௬௪

ଶ൯
 

=
1 + 2𝑟௭௬𝑟௭௪𝑟௪௬ − 𝑟௭௪

ଶ − 𝑟௬௪
ଶ − 𝑟௭௬

ଶ

ห𝑹𝒙෕𝒚෕𝒛ුห(1 − 𝑟௭௪
ଶ)൫1 − 𝑟௬௪

ଶ൯
 

𝑟௫௬௭|௪
௫௫ =

1 + 2𝑟௭௬𝑟௭௪𝑟௪௬ − 𝑟௭௪
ଶ − 𝑟௬௪

ଶ − 𝑟௭௬
ଶ

ห𝑹𝒙෕𝒚෕𝒛ුห(1 − 𝑟௭௪
ଶ)൫1 − 𝑟௬௪

ଶ൯
           (𝑣𝑖) 

For 𝑟௫௬௭|௪
௬௬ 

𝑟௫௬௭|௪
௬௬ =

ฬ
1 𝑟௫௭|௪

𝑟௫௭|௪ 1
ฬ

ห𝑹𝒙෕𝒚෕𝒛ුห
 

=

ฬ
1 𝑟௫௭|௪

𝑟௫௭|௪ 1
ฬ

ห𝑹𝒙෕𝒚෕𝒛ුห
=

1 − 𝑟௫௭|௪
ଶ

ห𝑹𝒙෕𝒚෕𝒛ුห
 

=
1

ห𝑹𝒙෕𝒚෕𝒛ුห
ቆ1 −

(𝑟௭௫ − 𝑟௭௪𝑟௪௫)ଶ

(1 − 𝑟௭௪
ଶ)(1 − 𝑟௪௫

ଶ)
ቇ 

=
(1 − 𝑟௭௪

ଶ)(1 − 𝑟௪௫
ଶ) − (𝑟௭௫ − 𝑟௭௪𝑟௪௫)ଶ

ห𝑹𝒙෕𝒚෕𝒛ුห(1 − 𝑟௭௪
ଶ)(1 − 𝑟௪௫

ଶ)
 

=
1 − 𝑟௭௪

ଶ−𝑟௪௫
ଶ+𝑟௭௪

ଶ𝑟௪௫
ଶ − (𝑟௭௫

ଶ − 2𝑟௭௫𝑟௭௪𝑟௪௫+𝑟௭௪
ଶ𝑟௪௫

ଶ)ଶ

ห𝑹𝒙෕𝒚෕𝒛ුห(1 − 𝑟௭௪
ଶ)(1 − 𝑟௪௫

ଶ)
 

=
1 + 2𝑟௭௫𝑟௭௪ − 𝑟௭௪

ଶ − 𝑟௪௫
ଶ − 𝑟௭௫

ଶ

ห𝑹𝒙෕𝒚෕𝒛ුห(1 − 𝑟௭௪
ଶ)(1 − 𝑟௪௫

ଶ)
 

𝑟௫௬௭|௪
௬௬ =

1 + 2𝑟௭௫𝑟௭௪ − 𝑟௭௪
ଶ − 𝑟௪௫

ଶ − 𝑟௭௫
ଶ

ห𝑹𝒙෕𝒚෕𝒛ුห(1 − 𝑟௭௪
ଶ)(1 − 𝑟௪௫

ଶ)
            (𝑣𝑖𝑖) 

For 𝑟௫௬௭|௪
௫௬ 

𝑟௫௬௭|௪
௫௬ =

− ฬ
𝑟௫௬|௪ 𝑟௬௭|௪

𝑟௫௭|௪ 1 ฬ

ห𝑹𝒙෕𝒚෕𝒛ුห
=

−൫𝑟௫௬|௪ − 𝑟௬௭|௪𝑟௫௭|௪൯

ห𝑹𝒙෕𝒚෕𝒛ුห
 

=

−

⎝

⎛
𝑟௬௫ − 𝑟௬௪𝑟௪௫

ට൫1 − 𝑟௬௪
ଶ൯(1 − 𝑟௪௫

ଶ)

−
𝑟௭௬ − 𝑟௭௪𝑟௪௬

ට(1 − 𝑟௭௪
ଶ)൫1 − 𝑟௬௪

ଶ൯

𝑟௭௫ − 𝑟௭௪𝑟௪௫

ඥ(1 − 𝑟௭௪
ଶ)(1 − 𝑟௪௫

ଶ)
⎠

⎞

ห𝑹𝒙෕𝒚෕𝒛ුห
] 



 

=
− ቀ൫𝑟௬௫ − 𝑟௬௪𝑟௪௫൯(1 − 𝑟௭௪

ଶ) − ൫𝑟௭௬ − 𝑟௭௪𝑟௪௬൯(𝑟௭௫ − 𝑟௭௪𝑟௪௫)ቁ

ห𝑹𝒙෕𝒚෕𝒛ුห(1 − 𝑟௭௪
ଶ)ට൫1 − 𝑟௬௪

ଶ൯(1 − 𝑟௪௫
ଶ)

 

=
− ቀ𝑟௬௫ − 𝑟௬௪𝑟௪௫ − 𝑟௭௪

ଶ + 𝑟௬௪𝑟௪௫𝑟௭௪
ଶ − ൫𝑟௭௬𝑟௭௫ − 𝑟௭௪𝑟௪௬𝑟௭௫ − 𝑟௭௬𝑟௭௪𝑟௪௫ + 𝑟௬௪𝑟௪௫𝑟௭௪

ଶ൯ቁ

ห𝑹𝒙෕𝒚෕𝒛ුห(1 − 𝑟௭௪
ଶ)ට൫1 − 𝑟௬௪

ଶ൯(1 − 𝑟௪௫
ଶ)

 

−൫𝑟௬௫ + 𝑟௭௪𝑟௪௬𝑟௭௫ + 𝑟௭௬𝑟௭௪𝑟௪௫ − 𝑟௬௪𝑟௪௫ − 𝑟௭௪
ଶ−𝑟௭௬𝑟௭௫൯

ห𝑹𝒙෕𝒚෕𝒛ුห(1 − 𝑟௭௪
ଶ)ට൫1 − 𝑟௬௪

ଶ൯(1 − 𝑟௪௫
ଶ)

   

 𝑟௫௬௭|௪
௫௬ =

−൫𝑟௬௫ + 𝑟௭௪𝑟௪௬𝑟௭௫ + 𝑟௭௬𝑟௭௪𝑟௪௫ − 𝑟௬௪𝑟௪௫ − 𝑟௭௪
ଶ−𝑟௭௬𝑟௭௫൯

ห𝑹𝒙෕𝒚෕𝒛ුห(1 − 𝑟௭௪
ଶ)ට൫1 − 𝑟௬௪

ଶ൯(1 − 𝑟௪௫
ଶ)

        (𝑣𝑖𝑖𝑖) 

Summary 

    (𝑖)        
−𝑟௫௬

√𝑟௫௫√𝑟௬௬
=

𝑟𝑦𝑥 + 𝑟𝑦𝑧𝑟𝑧𝑤𝑟𝑤𝑥 + 𝑟𝑦𝑤𝑟𝑧𝑥𝑟𝑤𝑧 − ൫𝑟𝑦𝑥𝑟𝑧𝑤
2 + 𝑟𝑦𝑧𝑟𝑧𝑥 + 𝑟𝑦𝑤𝑟𝑤𝑥൯

ට൫1 + 2𝑟𝑦𝑧𝑟𝑧𝑤𝑟𝑤𝑦 − 𝑟𝑦𝑧
2 − 𝑟𝑦𝑤

2 − 𝑟𝑧𝑤൯(1 + 2𝑟𝑥𝑧𝑟𝑧𝑤𝑟𝑤𝑥 − 𝑟𝑥𝑧
2 − 𝑟𝑥𝑤

2 + 𝑟𝑧𝑤
2)

   

    (𝑣)        𝑟௫௬/௭௪ = 𝑟௫̿௬ധ =
−𝑟௫௬௭/௪

௫௬

ඥ𝑟௫௬௭/௪
௫௫ඥ𝑟௫௬௭/௪

௬௬
             

     (𝑣𝑖)       𝑟௫௬௭|௪
௫௫ =

1 + 2𝑟௭௬𝑟௭௪𝑟௪௬ − 𝑟௭௪
ଶ − 𝑟௬௪

ଶ − 𝑟௭௬
ଶ

ห𝑹𝒙෕𝒚෕𝒛ුห(1 − 𝑟௭௪
ଶ)൫1 − 𝑟௬௪

ଶ൯
            

     (𝑣𝑖𝑖)      𝑟௫௬௭|௪
௬௬ =

1 + 2𝑟௭௫𝑟௭௪ − 𝑟௭௪
ଶ − 𝑟௪௫

ଶ − 𝑟௭௫
ଶ

ห𝑹𝒙෕𝒚෕𝒛ුห(1 − 𝑟௭௪
ଶ)(1 − 𝑟௪௫

ଶ)
            

    (𝑣𝑖𝑖𝑖)      𝑟௫௬௭|௪
௫௬ =

−൫𝑟௬௫ + 𝑟௭௪𝑟௪௬𝑟௭௫ + 𝑟௭௬𝑟௭௪𝑟௪௫ − 𝑟௬௪𝑟௪௫ − 𝑟௭௪
ଶ−𝑟௭௬𝑟௭௫൯

ห𝑹𝒙෕𝒚෕𝒛ුห(1 − 𝑟௭௪
ଶ)ට൫1 − 𝑟௬௪

ଶ൯(1 − 𝑟௪௫
ଶ)

         

Put  (𝑣𝑖), (𝑣𝑖𝑖) and (𝑣𝑖𝑖𝑖) in (𝑣) 

𝑟௫௬|௭௪ =
−𝑟௫௬௭|௪

௫௬

ඥ𝑟௫௬௭|௪
௫௫ඥ𝑟௫௬௭|௪

௬௬
=

𝑟௬௫ + 𝑟௭௪𝑟௪௬𝑟௭௫ + 𝑟௭௬𝑟௭௪𝑟௪௫ − 𝑟௬௪𝑟௪௫ − 𝑟௭௪
ଶ−𝑟௭௬𝑟௭௫

ඥ1 + 2𝑟௭௬𝑟௭௪𝑟௪௬ − 𝑟௭௪
ଶ − 𝑟௬௪

ଶ − 𝑟௭௬
ଶඥ1 + 2𝑟௭௫𝑟௭௪ − 𝑟௭௪

ଶ − 𝑟௪௫
ଶ − 𝑟௭௫

ଶ
         (𝑖𝑥) 

Put  (𝑖) in (𝑖𝑥) 

𝑟௫௬|௭௪ =
−𝑟௫௬

√𝑟௫௫√𝑟௬௬
 

Conclusion 

𝑟௫భ௫మ/௫య௫ర
= 𝑟௫భ௫మ/௥௘௦௧ =

−𝑟௫భ௫మ

√𝑟௫భ௫భ√𝑟௫మ௫మ
 

In the case when number of variables is 𝑝, we can express partial correlation of all 



other combination of remained variables after removing 𝑝th variable by combination of 

cofactor, and we can make × (𝑝 − 1) matrix. Then we can remove (𝑝 − 1)th variable by 

same method. Repeating this we can proof 

𝑟௫భ௫మ/௫య⋯௫೛
= 𝑟௫భ௫మ/௥௘௦௧ =

−𝑟௫భ௫మ

√𝑟௫భ௫భ√𝑟௫మ௫మ
 

For this purpose, wee need to shift the row and column of target variables to first and 

second row and column as in figure 66. 

 

Figure 66. Shifting of row and column of variables for partial correlation analysis of 

target variables. 

 

Generally, we need change the sing of matrix with shift of row and column. However, we 

do not need consideration of sign, because  

𝑠𝑖𝑛𝑔 (𝑅) = (−1)ଶ(௜ିଵ)(−1)ଶ(௝ିଵ) 

⎝

⎜
⎜
⎜
⎜
⎛

𝑟ଵ,ଵ ⋯

⋮ ⋱
𝑟ଵ,௜ ⋯ 𝑟ଵ,௝

⋯ 𝑟ଵ,௣

⋮ ⋱    ⋮   ⋱   ⋮
𝑟௜,ଵ ⋯

⋮
𝑟௝,ଵ

⋮
𝑟௣,ଵ

⋱
⋯
⋱
⋯

𝑟௜,௜ ⋯ 𝑟௜,௝
⋯ 𝑟௜,௣

⋮
𝑟௝,௜

⋮
𝑟௣,௜

⋱
⋯
⋱
⋯

⋮
𝑟௝,௝

⋮
𝑟௣,௝

⋱  ⋮
⋯ 𝑟௝,௣

⋱
⋯

⋮
𝑟௣,௣⎠

⎟
⎟
⎟
⎟
⎞

 



=

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

𝑟௜,௜

𝑟௝,௜

𝑟ଵ,௜

𝑟௜,௝

𝑟௝,௝

𝑟ଵ,௝

𝑟௜,ଵ

𝑟௝,ଵ

𝑟ଵ,ଵ

⋮ ⋮ ⋮
𝑟௜ିଵ,௜ 𝑟௜ିଵ,௝ 𝑟௜ିଵ,ଵ

⋯
⋯
⋯

𝑟௜,௜ିଵ

𝑟௝,௜ିଵ

𝑟ଵ,௜ିଵ

𝑟௜,௜ାଵ

𝑟௝,௜ାଵ

𝑟ଵ,௜ାଵ

⋱ ⋮ ⋮
⋯ 𝑟௜ିଵ,௜ିଵ 𝑟௜ିଵ,௜ାଵ

⋯
⋯
⋯

𝑟௜,௝ିଵ

𝑟௝,௝ିଵ

𝑟ଵ,௝ିଵ

𝑟௜,௝ାଵ

𝑟௝,௝ାଵ

𝑟ଵ,௝ାଵ

⋯
⋯
⋯

𝑟௜,௣

𝑟௝,௣

𝑟ଵ,௣

⋱ ⋮   ⋮      ⋱    ⋮
⋯ 𝑟௜ିଵ,௝ିଵ

𝑟௜ିଵ,௝ାଵ ⋯ 𝑟௜ିଵ,௣

𝑟௜ାଵ,௜ 𝑟௜ାଵ,௝ 𝑟௜ାଵ,ଵ

⋮ ⋮ ⋮
𝑟௝ିଵ,௜ 𝑟௝ିଵ,௝ 𝑟௝ିଵ,ଵ

⋯ 𝑟௜ାଵ,௜ିଵ 𝑟௜ାଵ,௜ାଵ

⋱ ⋮ ⋮
⋯ 𝑟௝ିଵ,௜ିଵ 𝑟௝ିଵ,௜ାଵ

⋯ 𝑟௜ାଵ,௝ିଵ
𝑟௜ାଵ,௝ାଵ ⋯ 𝑟௜ାଵ,௣

⋱ ⋮   ⋮      ⋱    ⋮
⋯ 𝑟௝ିଵ,௝ିଵ

𝑟௝ିଵ,௝ାଵ ⋯ 𝑟௝ିଵ,௣

𝑟௝ାଵ,௜ 𝑟௝ାଵ,௝ 𝑟௝ାଵ,ଵ

⋮ ⋮ ⋮
𝑟௣,௜ 𝑟௣,௝ 𝑟௣,ଵ

⋯ 𝑟௝ାଵ,௜ିଵ 𝑟௝ାଵ,௜ାଵ

⋱ ⋮ ⋮
⋯ 𝑟௣,௜ିଵ 𝑟௣,௜ାଵ

⋯ 𝑟௝ାଵ,௝ିଵ
𝑟௝ାଵ,௝ାଵ ⋯ 𝑟௝ାଵ,௣

⋱ ⋮     ⋮    ⋱      ⋮
⋯ 𝑟௣,௝ିଵ

𝑟௣,௝ାଵ ⋯ 𝑟௣,௣ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

 

Actually, we don’t need to shift the row and line, because we can identify the cofactor of 

each variables in original inverse matrix. 

                        
           

 Conclusion 

r௜௝/௥௘௦௧ ==
−𝑟௜௝

√𝑟௜௜√𝑟௝௝
 

 


